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ON DIFFERENTIAL EQUATIONS ASSOCIATED
WITH EULER PRODUCT EXPRESSIONS
BY
IAN KNOWLES

ABSTRACT. A method is given by which one may associate (uniquely) certain
differential equations with analytic functions defined by certain Euler product
expressions. Some of the consequences of this construction include results relating
the location of the zeros of the analytic functions to asymptotic properties of the
solutions of the differential equations, as well as a differential equation characteriza-
tion of those Dirichlet series with multiplicative coefficients.

1. Introduction. Let {d,},,, and {A,},,, be given sequences of real numbers
satisfying

(1.1) d,>-1, d,#0, \,>1 forn>1,
and
(1.2) Y ld,|< oo,

n=1

and consider the formal Euler product expression

(1.3) E(s)=I1 (1 + ;‘\'—s .

n=1

If the sequences {d,} and {A,} are suitably chosen, then the Euler product (1.3)
will converge absolutely in some right half-plane Re(s) > o, and define there an
analytic function. In many cases (though not always—see, e.g., [10]) this function
E(s) has an analytic continuation, also denoted by E(s), to a larger domain. For
example, if { p,} denotes the set of prime numbers listed in increasing order
beginning with p, = 2, and we set

(1.4) d,=p;’, \,=p,

where 6 > 1 is fixed, then [13, p. 5] E(s) = {(s + 0)(§(2s + 26))7!, where {(s)
denotes the Riemann zeta function; if

(1'5) dn=_pn_o’ An=pn’
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then E(s) = ({(s + 0))7}; finally, if
(1.6) d,=—(mn)>, X, =e% z=e",

then [14, p. 114] E(s) = z " 'sin z.

For the case (1.4) above, it was shown in [4] that one can associate with the Euler
product (1.3) a second-order differential equation [4, (4.6)] arising from a sequence
of eigenvalue problems [4, (3.4)—(3.5)] associated with the partial products of (1.3).
Our main intention here is to extend this process to cover the more general Euler
product (1.3) and to investigate in detail some of the consequences of this construc-
tion. Included here are a proof (§§2, 3) that the differential equations are uniquely
determined by the Euler products and the fact that such differential equations and
their associated eigenfunctions may be used to characterize those Dirichlet series
Y% _,a,n"° that have Euler products [1?_,(1 + d,, p, ). This is somewhat compara-
ble to the Hecke-Petersson modular form characteriztion, although the functional
equation aspect of the latter is not apparent as yet. It is possible that by considering
higher-order differential operators, one can similarly represent more complicated
Euler products, but this remains to be seen. In §4 we consider some properties
relating the (limiting) differential equation, its corresponding integral equation, and
the zeros of the analytic function E(s), and in §5 we briefly consider the formal
connection between E(s) and a certain hyperbolic partial differential equation
resembling, in the special cases (1.4)—(1.5), the familiar automorphic wave equation

(5]

2. Construction of the associated differential equations. Here we outline a modified
version of the construction in [4]. The idea is as follows. Beginning with the Euler
product (1.3), we write this as a series

@ )= 1

where the numbers g(n) and €*(n) are formed from the sequences {A,} and {d,},
respectively, according to the formulae

(22) q(1)=1, q@2)=A,, q@2"+k)=X,q(k), 1<k<2", n>1,

(2.3)
(1) =1, () =d, Q2" +k)=d,, e*k), 1<k<2" n

1.

A\

Notice that for N > 1,

N d, 20 e*(n
(2.4) 1:[1 1+ X~ Py q((n))_‘_.
We next attempt to form an eigenvalue problem E, (n > 1) of the form
(2.5) y" —sb,(x)y +s%,(x)y=0, 0<x<oo,
(2.6) y(0) =0,

(2.7) y(x) ~ Pt asx - o0
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in such a way that the equation for the eigenvalues is of the form

- (k) _
(2.8) Z
k=19(k)’
Here, for each n, B,,, is a suitably chosen constant, and the functions b,(x) and
¢,(x) are assumed to be step fucntions defined on a certain infinite partition

0=ay<a, <--- of [0,00) by certain number sequences {b,},,; and {c,},5;
according to the formulae
(2.9) b(x)=b, a,_,<x<a,l<r<n,
=b,.1, x=za
c,(x)=¢,, a,_;<x<a,l<r<n,
=Cpi1s xX=>a

Observe that the same partition {a, },., and number sequences { b,} and {c,} serve
to define each of the functions b,(x) and c¢,(x), n > 1. Due to degeneracies in the
resulting equations for the numbers B,, a,, b, and c,, one cannot choose these
numbers to obtain precisely (2.8) as the eigenvalue equation. However, by choosing a
sequence & = {8}, 8,,...} satisfying

(2.10) 8d, >0, r>1,

but otherwise arbitrary for the moment, one can choose {a,}, {b,}, {c,}, and {8,}
(now depending on 3) so that the eigenvalue equation for (2.5)—(2.7) has the form

(2.11) [Z £ (k)]x (0,5;8) =0,

k=14q(k)"
where x,(x, s; 8) is a certain solution of (2.5) for which x,(0, s;0) # 0 for all n, s
(see (2.78)); thus (2.8) is essentially the case 8 = 0 in (2.11).

The precise formulae for the constants in (2.5)-(2.7) can be obtained by a
somewhat tedious process of trial and error involving the solutions of (2.5). For
simplicity we proceed by stating the appropriate formulae and then deriving their
properties directly.

Define the sequence &(n) by

(2.12) (1) =1, e(2) =4d,,
and, forn > 1,
(2.13) e2"+k)=d,, e(k), 1<k<g2,

=(1+8,)d,,.e(k), 1+2"'<k<g2"
Observe that on setting d, = p;’ in [4, Lemma 2.1] we have

LEMMA 2.1. For integersn > 1 and q > 0,

(i) e(1+2" 1+ q-2") =de(l +q-2"1),
(i) e(1+3-2"1+g-2")=(1+8 )d e(1+2-2""14 g 27+,
Next, define the sequence {w{"”},n > 0,0 < r < n, by

(214) wP=e(1)+e(1+2")+ ---+s(1+k-2’)+ e+ e(l1+2"=2")
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and set w(® = w,. Observe that
(2.15) win D =¢(1)+e(1+2" ) =1+4d,, w"=¢1)=
We also have
LEMMA 2.2. Forn > 3andn >r + 2,
(i) wih = (1 +d,)w? + 8, 1d, (W) — w,),
(i) d; (W = wiD) = w + 8, (w2 = wD,).
This is essentially [4, Lemma 2.1]. Define K" by K"*V = 1and forn > r + 2,
4 [ = 2]

(1 + dr+l)(l + dr+2) o (1 + dn—l) )

(2.16) K™=

Then we have

LEMMA 2.3. (i) Forn > r + 2,

wi = 1+d)-|1+ :
i=r+1 j=r+1 (1 + dj_l)(l + dj-i}l)
(ii) K2 =1+8,,/(1+4d7)
and, forn > r + 3,
n—2 ‘S'Kr(j) § KD
K(n) 1+ Z J + n—10r

j=r+1 (1 + d/‘_l)(l + dj_+11) (1+ dn.ll) .
PrOOF. (i) From Lemma 2.2(i) and (2.15),
(217) w9 = (1 +d )W +8,.,d, (WD — w?)
=(1+4d,,,)(1+d,,,)+8.4d,..d,.,
= (1+d, )1 +d,5)[1+8,,,/(1+d7) (1 +d3)].
For n > r + 3 one can show by induction (and Lemma 2.2(i)) that
(218) w”=(1+4d,,,)A+d,,,) --(1+d,)
+68,,1d,.1d,,,(1 +d,.5)---(1+4d,)
+8r+2dr+2dr+3[dr_-:2(wr(:—)2 - wr(:-)l)](l +d,,.,)-(1+d,)

+8, 1, 1d,[d; (w2 — wDy)].
Consequently,
n—1 st:f)

") = e +d)1 ,
Wy (1 + dr+l) ( + n) +_/=;+1 (1 + dj—l)(l +dj—+!l)

as required.
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(ii) Set
n -1
(2.19) " = W.f"[ IT (1 +dj)] .
Jj=r+1
Then from Lemma 2.2(ii),
KM = ¢(n-D 4 w
r " 1+ d,,—ll
n-2 S.K:f) § KD
= 1 + Z i, -1 + — ’-1

j=r+1 (1 + d; )(1 + dj+1) (1 + dn—l)

by part (i) above.

LEMMA 2.4. There exists a constant 8* > 0 such that if sup{|6,|: r > 1} < 6%, then
K!"™(8)< 2, w!"(8)>0,and8,(w,— w,_,) >0 foralln,rwithO<r<n.

PRrROOF. Observe first that, as a consequence of assuming (1.2), d, — 0 as k = oo,
and the series S[(1 + d;!)(1 + d;},)]7! is absolutely convergent. Choose 8* so that

ol 1 1
(2.20) #lc+ ¥ <3,
i+ +4dt) | 4
where C = sup{|d,(1 + d,)7!|: k > 1}. To show that K”(8) < 2 for
sup{[8,]: r > 1} < 8%,

we use induction on »n for fixed r.
Observe that by Lemma 2.3(ii),

KD <1+ 8*C <
m

by (2.20). Also, assuming K™ < 2 for r + 2 <
2.3(ii) and (2.20) that

2
< n — 1, we have from Lemma

[ o]
1
KM<g1+26*C+ 2,
s ( El Qa1 +dity)) S

and thus K™ < 2 for all n, r, 0 < r < n. Next, observe that for all n, r, and {9,}
with sup(|8,|: r > 1} < 6%, by (2.20),

jerer (L4 d7)(1 + djh)
Consequently, by Lemma 2.3(i),

i 1 1
< 26* < =.
ko1 L+ d ) +d,) 2

w,f”;% IT (1+4;)>0.

j=r+1

Finally, given that w, > 0 for all n, it is now not difficult to show by induction (and
- (2.10), Lemma 2.2(ii)) that §,(w,, — w,_;) > Oforalln. O
We henceforth assume that the sequence {8, } is chosen so that

(2.21) sup([6,]: r > 1} < &%,
where §* satisfies (2.20).
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Next, define {a,},51, {8,},51 by

(2.22) a,=0, B =-1,
(2.23) a, = -(wh—wh)/(w,—w,_)), r=2,
(2.24) B.=-wh/w_,, r>2.

These formula differ from [4, (2.10)-(2.13)] in that the factor w, has been omitted.
The following formulae will be of interest later.

LEMMA 2.5. Forr > 1,

. a}' - B]’ wr—
(l) — B+l = ” 1 ;
5 B" - B’ wf - Wr—
(ll) a+1_ B = ” 1 :
ar - ar+1 _ dr+1wr—l .
(“l) a, — Br - wr+1 - W, ’
i 4 =B _ W= W
(IV) a, — Br - (1 + 8r)dr+1 wr\+1 _ wr.
This is essentially [4, Lemma 2.5].
LEMMA 2.6. () B, — B, = d,/(1 + d,);
(@ii) for r > 2,
1 r—1
2.25 a,— B, = 8,d,),
( ) B wr—l[wr—l + 8r—1(wr—1 - wr—Z)] /:‘I;[l( « k)
d r—1
(2‘26) Br+l - Br = W,_ W, /(].:.[1(8kdk)‘

PROOF. As (i) is obvious from the definition, and (2.26) follows from (2.25) and
Lemma 2.5(ii), it suffices to prove (2.25). From Lemma 2.5 (i), (iii), and Lemma
2.2(ii),

iy — Br+l = Wr-1 _ dr+1wr-—l
(X, - Br W, wr+1 - wr
Wr—l(wr+l - wr) — dr+1wrwr—1
wr(wr+l - W,)

wr—l(wr — wr—l) .

8rdr+ 1

wr(wr+1 - Wr)
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Finally, define {b,}, {c,} by

(2‘27) br =a, + Br’ cr = a,p,,
and {a,} bya, = 0and
(228) ar = ar—l + ln(Ar)/(ar - Br), r 2 1

Observe that the partition {a,} is well defined as A, > 1, and &, — 8, > 0 by (2.10),

(2.25), and the fact that §,(w, — w,_,) > 0 (Lemma 2.4). It is clear from (2.27) that

for each r the numbers a,, 8, are just the characteristic roots for the constant

coefficient equation (2.5) on [a,_,, a,]. Thus, for x in [a,_,, a,], r < n, any solution
y(x, s) of (2.5) takes the form

(2.29) y(x,s)= A(”)(s)exp(a sx) + B"(s)exp(B,sx).

When r = n + 1, (2.29) is then valid throughout [a,, ), and condition (2.7) is
satisfied if we choose 4{"); = 0 and B{"), = 1. We denote the solution so obtained
by ¢,(x, s). For this solution we have (cf. [4, (3.7)])

2k—l

(2.30) A i (s) = ¥ C{exp(ns),
7k-1

(2.31) B, i(s) = X Di7exp(v{")s)
i=1

for certain constants C{"), D{", n{"), and »{"), and for 1 < k < n + 1. Set C{}) = 0,
D{7P =1, and 5{) = »{7 = 0. The condition that s be an eigenvalue is now qb,,(O s)
=0, or

(2.32) AP(s) + BM(s) = 0.

The remainder of this development closely follows that in [4, §3], modulo some
minor alterations. In particular, the formulae (3.9)-(3.58) in [4] are all valid in the
general case, when a!{™, B(™, a{™ are replaced by a,, B,, a,, respectively, d, replaces
p;% and A, replaces p,. In all cases the terms p?** in [4] become d;!N\, (e.g. in
(3.45)-(3. 58)) Thus, from the continuity of ¢,(x, s) and ¢,(x, s) at a, we have (cf.
[4, (3.11)~(3.15))) that, if

zk
(2.33) AP () = X iy sexp(nfy s),

i=1
2k
(2.34) B _i(s) = X D zexP( LS )
i=1
then the numbers C{", D{", n{"), and »{"), 1 < k < n, are generated recursively by
the formulae

®ir_p = Bri1-i . _
Cihi=—" SO, 1< 2R,

(2.35) . i1k~ Busi-k
= Bn+2—k _ Bn

+l—le£n’) k1, 1+ 2k—1 <i< 2/(’

i1k~ Brr1-k




552 IAN KNOWLES

Qpri-k ~ Xns2-k . -
(2.36) D, = 2 at cim, 1<ig2%7],
Qpi1-k — Bn+l—k

LS B Bn+2—kD(n)
Qpr1-k — /3"+1—k

k-1, 1+ 2571 i 2%,

(2.37) "12"21..' '7/( i +(an+2 kK~ n+l—k)an+1—k’ 1<ig2k

(n) _ k=1 _ i — 2k
Vgt (Brsaok = @par—)ner—ps 1+ 2571 <25,

(2.38) »{,

: k-1

N+ (@ra b = Buv1-4) Bnsr—ir 1<i<2%7,
n) k-1 _ : k
Vi _gkr +(Bysa—i = Bus1—k)@ns1—io 1+2%  <ig2%

Using Lemma 2.5, we see that (2.35)-(2.36) become

Woi1-k = Wnk . -
n k_ n le't'i)’ 1 <i< 2k l’
Witk = Wnt1-k

(2~39) C/f'i)x,i = (1 + 8n+l—k)dn+2—k :

W,.q_ _ .
=Bk T Mnckpn L 142k g g 2K,
Woi1-k
(240) DY, . =d, ., .- LS cm, 1gig2k!
. k+1i = @n+2-k ", — ki SIS ’
n+2—k — Wns1-k
W, .
—nok Dk: k=1, 1+2k—1Sl<2k.
wn k+1

We also have

LEMMA 2.7. (i) For1 < k <n,1 <i < 2%,

(2.41) vEi =0 (ke = Bari—k) G-k
(ii) Fork > 2,1 <i<2%2,
(2.42) "12"11,4:‘—2 =) 4~ In(A,),
(2.43) "/‘<'21.4i—2 = Vk+141 In(A,).
(iii) For k > 2,1 <i < 2%72,
— (n—-1)
(2.44) MY 14 — "le,z‘ = ’7”2.’1) T M ak-1s
(n—1)
(2.45) ”/(('21.41' - ”wl,z" = I(<"2:1) T Vporte

This is essentially [4, Lemma 3.1].

We next derive generating formulae for 4{") and B{™ analogous to that given in
Lemma 2.2 for w!".

Define E{") and F{? by

(2.46) C(n) - Wn— k+2 wn—k+l E,ﬁn,),

W,

(2.47) D{" = Lw’—“—‘ﬂ").

n
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From (2.39)-(2.40),

(2.48) E{f =148, 4)d, 2 (ET, 1<ig<2q,
,‘(,)2/‘1, 1+2k1<l<2k,
(2.49) Fi=dys (EM, 1<ig2q,

<
= F,f";)_zk—l, 1+ 2k <i< 2k,
Also, analogous to [4, Lemma 3.2] we have

LEMMA 2.8. (i) E{® = F(”) = 0ifiis odd.

(ii) Fork > 2 and1 < i < 2¢2,
(2.50) Ek_,,14'— E(" b,
(2.51) F{ 4= F5 0.
(iii) For k > 4and1 < i < 2%74,
(2.52) - E{Ri,=d,E%,
(2'53) EIS:'S)i—6 = (1 + 8n—1)dnEI$78)l’—4’
(2.54) F%-2 = d,F%,
(2.55) FBg=(1+ 8, )d,F_,
Finally, define L{"(s) and M"(s) by
(2.56) A (s) = expl s, gror-r] - ZEELLO(s),
n
(2.57) B(™(s) = exp|sp™,_, yr1r] - W;V-IM;")(S).
It follows from (2.30)—(2.31), (2.46)—(2.47), and (2.56)—(2.57) that
2n+l-r
(2.58) L(s)= X E'fi)z-r.iexP[S{ﬂs.”Jf)z ri =~ M52 - '}],
i=1
2n+l r
(2’59) M(n)(s) = Z (-:)2 -r ,CXP[S{ +2 —ri "»51)2—r,2"+"'}] ’
i=1

and, corresponding to [4, Lemma 3.3], we have

LeMMma 2.9. (i)
(2.60) LI(s) =1, L*Y(s)=1+(1+8,)d, /N1,
and, forn > r + 2,

@61) 20 = (14 52| 2ir006) + St 10-0(6) - L0,

(i)
(2.62) MO(s) =1, MI*D(s)=1+d,,,/N1,
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andforn > r + 2,

d,
AS

nld

"

(2.63) M "(s) = (1 +2 )M‘" D(s) + 22 MD(s) — M2(s)].

Proceeding now as in the derivation of Lemma 2.3 (cf. [4, (3.47)-(3.58)]), we
defme functions H{"(s), K" (s),n > r + 1,by H"*V(s) = K"*I(s) = 1 and, for
>r+2,

(2.64)

H™(s) = d,'N, [L(")(S) - L("_l)(s)]
’ (M+Q+8)d, /N )A +d, /N ,) - (U +d, /N, )]
—1}\: [M(n)(s) M(n—l)(s)]

(A +d, /N ) +d, /N ) - (L+d, /N, )

(2.65) KM(s) =

Define also

1+8)d,., ( d,.,
2.66 U,<">s=( R [ = P =3
( ) ( ) Ar+l Ar+2 An
n d
(2.67) vio(s)= TI (1+—;).
Jj=r+1 >‘j

Then, by following the derivation of [4, (3.53)—(3.54)], we obtain

(2.68) L"(s)=U"(s )[1 +8,,/(1L+ X,/ +8)d,,)1+X,.,/d,,,)

nil str(j)(s)

+ b
Jj=r+2 (l + >‘sj/dj)(l + >‘sj+1/dj+1)

where
Hr(r+2)(s) =1+ 8r+l(l + X +1(1 +6 ) dr+1)

and, forn > r + 3,

)
2.69) H"(s)=1+ 1
(2.69) (s) (1+X,/(0+8)d,,,)Q +X,,,/d,.5)
= §,H(s) 8, H"V(s)

)»

+ .
e L+ X/d) A+ X4 /d,,,) L+ X,/d, )

Likewise, analogous to [4, (3.57)—(3.58)] we have

70 (s = vl nil 8K (s)
2.70)  M™(s) =V (s)|1 + - - ,
s L+ Xyd )1+ N, /d,,,)

where

-1

Ko9(s)=1+8,,,(1+X,,d7)
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and, forn > r + 3,

(2.71) K"(s) =1+ niz SE7) USLUION
jeret (L X/d) (14 Xuy/dpn) - L+ X074, )

Thus, on noting that (cf. [4, (4.23)-(4.24)])

(2.72) ”(+)2 rontior = E (Bk+l - Bi)ay,
k=r
and
(2~73) "Tﬁ"+)2 pntlor = E (Bk+1 - Bk)ak - 1n(>\,),

we obtain from (2.56)—(2.57), (2.68), and (2.70),

(2.74) 4"(s) = A;‘exp[s % (Beon - Bk)ak] LG (5) ¥ (s),

k=r n
and
(2.75) B:"><s)=exp[sz<ﬁk+l ﬁk)ak] =1 (5) 85 ),
k=r Wa
where

276)  ¥(s) = Ls"’(s)[w’(s)]"

8r+1
T AN, /(0+8)d,, )0+ N d )
n—1 8 H(/)
+ X (s)s ’
jere2 (L+Nyd, )(1 + X541/d;10)
and
(2.77)

Ay, 8K(s)

o) = MPE VO] =14 T .
jore1 (L4 X/d)(1+ X, /d;, )

The solution ¢,(x, s) of (2.5) satisfying (2.7) is now given explicitly for x in

la,_1,a,),1 <r<n,by

n d;
(%, 53 8) = A["(s)e™ + B (s)ef* = [] (1 + —)xn(x, 53 8),

j= X
where
(2.78) Xn(%, 55 8) = A™(s; 8) e + B (s; 8)efrx,
and
(2.79) A (s;8) = rﬁl 1+ -2 ]_1(1 + MM&L)
MR %o

z W, = W,
°}\',‘exp[s Z (Bisr — Bk)ak]—w"'_ld)r( '(s),

n

k=r
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-1 n
mwum=h11+—”emkzwme&wk”ﬁ“”””
= k=r

j n

Note that as 8 — 0, w, - I17_,(1 + d;), from Lemma 2.3(i) and, from (2.25), (2.26),
and (2.28),

(2.80) éi_.n}'(ﬁk+l - Ba,= ali_f}})(ﬁkn - B)(a, —a,_,)

1 (Wk—wk_l) _ ln(Ak)'dk
T Wi T 1+4d,
Consequently,
x(0. 5:0) = 4{"(50) + B{"(5: 0)
" ln(}\ )d d -1
=w, ! —ks k], ut § . -5 —_
W, exp[skg,1 T+ d, ] (1 + )‘31) (A (w, — wp) + 1)
" In(A,) - dk]
= W"_lexp[s z —_ KJ K
k=1 1Hdg
# 0,
which establishes (2.11).

In the next section we show that the existence of the solutions ¢,(x, s) of the
equations (2.5), n > 1, may be used to characterize which Dirichlet series have Euler
products of the form I'l(1 + d, p,*). In this vein it is worth noting that, for a fixed J,
the set of solutions ¢,(x, s) together with their differential equations (2.5) are
uniquely associated with (1.3) in the sense that if the sequences {a,},51, { B, }ns1>
and {a,},,o (With a) = 0, B, = -1, a, = 0) defining the differential equation are
given and satisfy «, — a,,, > 0 and a, — B8, > 0 for all n > 1, then the original
Euler product (1.3) can be recovered as follows. Define (cf. Lemma 2.5(i)) w,, r > 0,
by wy = 1 and

w a, — B
2.81 =1 . r=1;
( ) wr—l a, — Br+1

then define d,, §,, A, r > 1, by (cf. Lemma 2.6(i), Lemma 2.5(iii)—(iv), and (2.28))

(2.82) dy=-1/B, -1,
a, —a, W1 — W,
(2'83) dr+l = ar — B-:l : -:,-_l ) r > 17
) _ -1 ar+l_Br'wr+]_wr
(2.84) (1+68)=d}, P R ———— r>1,

(285) ln(Ar) = (ar - ar—l)(ar - Br)
Notice that 8, # 0 as 8, < @, < a; = 0, and
(2.86) we=1, w=-1/B,=1+4d,.
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From (2.83)-(2.84) we have, forr > 1,

& & a1 — B
wr—ldr+l = (wr+1 - wr)_;_j = (Wr+1 - wr){l - _‘;+_—B"}
r r r

= (wr+1 - wr) —(1 + sr)dr+l(wr - wr—l)’
ie.
(2'87) Wet1 = (1 + dr+l)wr + 8rdr+l(wr - wr——l)'

Also, using {d,} and {§,} defined above, define ¢(n) by the formulae (2.12)-(2.13)
and set

(2.88) W, =e(1) +e(2) + -+ + e(27).
Then, by the argument of Lemma 2.2(i),
(289) wr+l = (1 + dr+1)wr + 6rdr+l(ﬁ)r - wr—l)'

As Wy = ¢(1) =1 and W, = e(1) + &(2) = 1 + d,, it follows from (2.86)—(2.87) and
(2.89) that w, = w, = (1) + - - - + &(2"). Consequently, all of the previous formulae
in this section connecting w,, d,, §,, a,, etc., are valid for the values of A,, d,, and §,
defined above. In particular, with these values, the Euler product Il(1 + 4,A°) is
then uniquely associated with the given differential equations.

3. Characterization of Euler products. In this section we restrict attention to formal
Euler products

i d
(3.1) E(s)=T1 (1 + —)
n=1 Pn
where { p,} denotes the prime numbers, beginning with p, = 2. The problem

considered here is, given a formal Dirichlet series
< a(n
(32) p(s)= ¥ 2,
n=1
where a(1) = 1, when can it be written in the form (3.1)? Observe that a necessary
condition for this to happen is that a(n) = 0 if n has a repeated prime factor. In this
case one can formally rewrite the series (3.2) in the form

(32 p(s) = ¥ 2D
n=1 q(n)

where g(n) is defined by (2.2) with A, = p,. Furthermore, (3.2)’ has the form 3.1)if
and only if a(-) is multiplicative in the sense that

(3.3) a(mn) = a(m) -a(n) whenever (m,n) =1,

in which case d,, = a( p,) for each n. This is perhaps the simplest example in a much
wider theory in which the existence of more complicated Euler products may be used
to characterize a wide variety of multiplicative properties of the arithmetic function
a(n) (see e.g. [6, 8]).

The characterization that we derive here depends upon the natural product form
of the coefficients C{"> and D" in (2.30)-(2.31) and the fact that the product




558 IAN KNOWLES

structure of (1.3) is essentially only needed (via Lemma 2.2) in passing from the
formulae (2.35)—(2.36) to the formulae (2.39)—(2.40). We first associate with (3.2)
differential equations of the type (2.5), considered in the last section, by means of
the following construction. Assume that

(3:4) 2 la(p)| < o,
i=1

and the sequences {§;} and {«,} are chosen so that
(3.5) 0<k,<1, i>0,
(3.6) 8a(p)>0, i>1,
(3.7) sup({|8,: i > 1} < &%,
where

1 & a(p)a(pis1) -
(3.8) *==|C+ )

8 S+ a(p))(1 + a(pi.r)
and
(3.9) ¢ = sup{a(p)(a(p,) +1)|:i > 1}.

Define the sequence of polynomials { £;(8, «)} ind = {§;},,, and k = {k;},,0 by
18, k) =1,  f£,(8,k) =1+ kK,
and, forn > 1,
(3.10)  frrok(8,6) = (1 +x,)f(8,x), 1<k<2"},
=(1+8,)1+x,)f(8,«x), 1+2"1<k<2"
Set &(i) = f,(8, k)a(q(i)) and for n > 0,0 < r < n, define (cf. (2.14))

2mr—1
(3.11) W= 3 &1+i-27).
i=0
Let {&(i): i > 1} be defined by (2.12)-(2.13) with d,, = (1 + k,_1)a(p,), n > L. If
we set
2"-1

(3.12) w,= 3 e(1+1i),
i=0

and W = W, then we have

LEMMA 3.1. The arithmetic function a(n) satisfies (3.3) if and only if W, = w, for all
n > 1 and all § and k small enough.

PROOF. Observe that from (3.11),

i, = L A8 9)a(g(0),
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while w, is equal to a similar sum with the factor a(g(i)) replaced by the product
ITa( p), where p runs through all prime factors of ¢(i). Thus the result follows easily
if, for each fixed n, the polynomials f,(8, k), 1 < i < 2", are linearly independent.
We prove this by induction. From (3.10) it is clear that { f,, f,} is independent.
Assume that { f;: 1 <i < 2"} is independent and let C;, 1 < i < 2", be constants
such that

2"
L Cf(3,x)=0
i=1

i.e., by (3.10), for fixed k,,_, and 8, _,
X 1 2n= 2

ECf(S k) +(1+x,,) X Cipfi(8,x)

i=1
2n—l

+(1 + Kn—l)(l + 8n—1) Z C+2’ 'f(8 K) =

i=1+2""2
Consequently, by the induction assumption,
(3.13) C+(1+x, ,)C =0, 1<i<2"?,
(314) C+(Q+«k,_)A+8,_,)Ciip-1=0, 1+2"2gig2" ]

for all k,_, and §,_,. From (3.13) we have Ci=01+2""1gig2m2+2" ]
and from (3.14), C; = 0,1 + 2" 2 + 2" < i < 2" Finally,as C,= 0,1 + 2" ! <i
< 2", (3.13)—(3.14) alsogive C,=0,1<i < 2"'1, as required. O

Next, define

(3.15) =0, B =-1,

(3.16) a =-(wh-aD)/ (W, —W,_,), r=1,
(3.17) B, = -/, r>1,

and

(3.18) b=a+8, ¢=aB.

Finally, assuming for the moment that &, — 8, > 0 for all r > 1, define {a,},5o by
a, = 0and

(3.19) a,=a, ,+(n(p,))/(& - B,).
By using &,, b,, ¢, in place of a,, b,, ¢, in (2.5), one can define a sequence of
differential equations

(3.20) y" +sb,(x)y +s%,(x)y=0,
where the step functions b,(x) and ¢,(x) are defined as in (2.9) with b, and ¢,
replacing b, and c,,, respectively. By analogy with (2.29)-(2.31) and (2.37)-(2.40) one
can also define a sequence of functions ¢,(x, s; 3, k) by
(3.21)

é,(x,s) = A (s)exp(a,sx) + B(s)exp(B.sx), xela,_,,a,),1<r<n,

= exp(B, . 5x), x>a,,
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where A(")(s) and B(")(s) are given by

2k-1
(3.22) AR, (s) = X Cimexp(a{)s),

i=1
a-1

2
B, (s)=X D,‘(f'i)exp( ’A’;('.'i)s ) ’

i=1

and C{7, D, (), »¢") are given by C{? =0, D{7 =1, #{") = ${?’ = 0, and (cf.
(2.37)~(2.40))

(3-23) Alg'-lk)l.i =(1+ 8n+l—k)(1 + Kn+l—k)a(pn+2—k)
w — W R
_ n+1—k Awn—k /Ef'i)’ 1<i<2%,

Wor2—k = Wns1-k

A~

Wot1-k = Wa-

k5 _ .
= A DM e, 1+ 2% i< 2k,
Woi1-k
(3.24)
DW=+ )a( ) Wi A(n) 1<ig2%!
k+1.i = Kns1-k) O\ Pnsi2-k) 7 — koo <I< ,
w w
n+2—k n+1—k
W,_ . = B )
== D e, 1+ 28T <ig2k
Wo—k+1
A(n) — &(n) A oA A . k-1
(3.25) Mic+1.i = Mk.i (8,1 0-k = Qi1 -4) 81— I<i<2',
— 5(n) A A P k—1 . k
=0 g H(Brizok — Guir—x) Brir—io 27+ 1<ig 25,
a(n) — a(n) ~ _ N ~ . k—1
(3.26) (), =) +(Gpi2-k = Bav1-x) nsr—o IT<i<2,

— 5(n) A _f A k-1 : k
= Vii-2kt +(Bn+2—k Bn+l—k)an+l—ka 2 +1<i<g2%

Observe that by the procedure following (2.47), one can show that A and B(™ are
given by (2.74)-(2.75) with A, d,, B,, a,, w, being replaced by p,, (1 + «,_,)a(p,),
B,, a,, and w,, respectively.

The main result of this section can now be stated.

THEOREM 3.2. The Dirichlet series (3.2) can be written in the Euler product form
(3.1) (with d,, = a(p,)) if and only if for each n > 1 and 8, « satisfying (3.5)-(3.7),
a, — B,, > 0 and <i>,,(x, 5; 8, k) is a solution of the differential equation (3.20). In this
case $, is the unique eigenfunction for the eigenvalue problem consisting of (3.20) and
the boundary conditions

(3.27) y(0,5) =0, y(x,s)~exp(B,,.5x) asx > oo.

PROOF. If (3.2) has the form (3.1), the result follows by the construction in §2, as
we then have &(i) = &(i), w, = w,, etc. Conversely, if &, — B" > 0 and &},, satisfies
(3.20) for all n,8, k as indicated above, it follows from (2.35)-(2.36) that the
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constants C{") and D{") are also generated by the equations

f=33

A _ %2k Bn+l—k A . k—1
(3.28) K = -y S G, I<i<2%,
n+l1-k n+1-k

f=3}3

>

A

+2—k_ﬂ +1-— 2 - . ,
= n L Dl(<"i)—2“" 1 + 2% l< i< 21\,
n+1-k_Bn+l—k

(=}

A

(=}

a - a a
+1-k +2—k . _
(3.29) D/ii)l,,' = B" : C/f'_',), 1<ig?2% 1,

n+1—-k n+1—k

a

>

A

QXpr1-k — Bn+2—k

== SDM s, 1+ 2Kl 2k
Qpi1—k ~ Pnr1-« '

Consequently, comparing (3.28)-(3.29) with (3.23)-(3.24), we see that, for r > 2,

& —/?—1 ﬁ)r—-l_ﬁ)r—2
3.30 ——=0+6_,)1+«,_)a(p,) =——F—=
( ) & _, — Br—l ( )( Da(p,) W— W,
and

&r—l - &r — wr—Z

(3'31) &’_1 _ Br—l (1 + Kr—l)a(pr) wr _ wr_

Adding (3.30) and (3.31) and rearranging gives

(3.32) w,= [1 +(1+ "r—l)a(l’r)] Wy + 8, (1+x,_1)a(p)[w,_, — W,_,]
for r > 2, where Wy =1 and W, =1 + (1 + ky)a(p,). From (2.12)-(2.13), (3.12),
and Lemma 2.2 with d,=(1+ «,_;)a(p,), we also have wy=1, w; =1+
(1 + ky)a(p,), and
w, = [1 +(1+ "r—l)a(Pr)]Wr—l +8,_,(1 +x,_1)a(p)[w,_, — w5

As w, and W, have the same values for r = 0,1 and satisfy the same generating
formula, it follows that w, = w, for all r > 0 and, hence, by Lemma 3.1, the
arithmetic function a(-) is multiplicative. This completes the proof. O

It seems reasonable to conjecture that a similar characterization should be possible
for more general Euler product expressions. For example, one would expect an Euler
product of the form
(3.33) E(s)= IT [1+42), 4

p prime P P $

to be associated with a third-order differential equation (this would allow the
number of terms in ¢,(0, s) to treble each time n increases by one, corresponding to
adding one more factor 1 + ¢(p)p~* + d(p)p~2*). This more general theory might
then provide a useful alternative to the Hecke-Petersson modular form approach. In
particular, it may be possible to make use of the natural multiplicative structure
provided by the differential equations (analogous to that of the constants C{") and
D{") above, for example) to determine new multiplication identities satisfied by ¢(-)
and d(-) in (3.33).

4. The limiting differential equation. In this section we investigate some of the
. consequences arising from letting n tend to infinity in the construction of §2.
Henceforth we assume that, in addition to (1.1), (1.2), (2.10), and (2.21),

0

(4.1) X In(A,) -|d,| < oo,

n=1
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the Euler product (1.3) has abscissa of absolute convergence o, i.e.,
. o ld.|
(4.2) X 5 <
n=1 n
for 6 = Re(s) > o,, and
6,d
(4.3) 5 ([[ k)

for o = Re(s) > 0,. As a consequence of (1.2), Lemma 2.3, and Lemma 2.4, it
follows that for fixed r the numbers w" (defined by (2.14)) tend to a finite positive
limit as n — oo, which we denote by w{", i.e.

(4.4) W= Y o1+ k- 2),
k=0

Corresponding to [4, Lemmas 2.3, 2.4(ii)] we have

LeMMA 4.1. () Forl < n<ooandl <r<n—1,setvf” = wl"" D — w(". Then

o = d, [+ 8, = wi ).
(ii) Forr > 1,
wlmD — Wi = d,[wo‘o” +8,(w - wo(o’“))].
(iii) For fixedr > 2and1 < k <r — 1,

(k=1) (k) _ (K)o (k=1) — (k) (k+1) _ o (k+1) (k)
wk=Dyk) -l = & g, [wow! wk Dy k]

Also, corresponding to [4, (4.4)],

1) @ 1) @1 _ @
(4 5) B + woo - _ wr—l woo — wr-lwco woowr—l
N r
Weo W1 Woo Wor—1

w(r Z)W(r l)_w(r l)w(r 2)

(8:1)(8,d3) -+ (8,3, 5) - o

(by repeated application of Lemma 4.1(iii))
14, 1(”’(' D — W(’))

wcowr 1

__ ns,d,)

(by Lemma 4.1(iii), as w’; " = land w12 =1 + d, ;)

r—1 r (r) + 6 (r) — (r+1)
- (Tl [1a) - 20020
i=1 i=1

W,— lwoo

(by Lemma 4.1(iii) again).

Setting

(46) Y= _wo(ol)/woo’

we see that, from (1.2), d, > 0 as r - oo and, from (2.20), 8,d, <1 eventually.
Consequently, by (4.5) and (2.25), @, = yand B8, = yasr — oo.
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Define functions b(x) and c(x) on [0, 00) by b(x) = b, and ¢(x) = ¢, for x in
a,_1,a,), r = 1, where b, and c, are defined in (2.27). Clearly, for each fixed x in
[0, o) we have b,(x) = b(x) and c,(x) = ¢(x) as n = oo. Formally letting n — oo
in the differential equation (2.5), we obtain the equation
(4.7) y" —sb(x)y" + s%(x)y =0,
while the boundary condition (2.7) becomes
(4.8) y(x,5) ~ er™ asx — co.

It is convenient here to transform (4.7)-(4.8) by means of the change of variable
y(x,5) = erz(x,s):
(4.9) 2" —sh(x)z' + 5%(s)z =0,
(4.10) z(x,s)~1 asx — oo,
where b(x) = b(x) — 2y and &(x) = c(x) — yb(x) + y2. Observe thaton [a,_,,a,),
&é(x) = ¢,, where
(411) & =a,B,—v(a,+B,)+v>=(B,~¥) +(B, — v)(a, = B,)
= (B, = v)(a, = B)[1 +(B, = v)/(a, ~ B,)]
~(B,—v)e,—B,) asn— o0
by (2.25), Lemma 2.2(ii), and (4.5). Also, on the same interval b(x) = b,, where

~

(412) b,=2(B,-v)+(a, - B,) = (a,— B,)[1 +2(B,— v)/(a, - B,)]
~a,— B, asn— o

by the same reasoning. Equation (4.9) may be rewritten in the form

(4.13) %[exp(—s/: 7)) Z—;] + szé(x)exp(—s/: B) -z=0.
On using the change of independent variable defined by
(4.14) r(x) = [ b(w)dw,
0
with
(4.15) u(r,s) =z(x(r),s),
we finally obtain
(4.16) -;; [e"’i;(x(r)) %] + sz%e"’u(r, s)=0.
Observe that
(4.17) n=r(a)=3 [* b(w)dw= Y (a,-a,_ )b,
r=1"d,, r=1

~ X In(A,) =In(AA, -+ A,)

r=1

asn — o0, by (4.12).
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These differential equations and the associated integral equations (see below) have
a number of interesting properties relating to the analytic function E(s).

In the seque! we assume, in addition to (1.1), (1.2), (2.10), (2.21), and (4.1)-(4.3),
that

(4.18) Azl+p, j21,

for some p > 0.
We begin with

LEMMA 4.1. If for some s, Res > o, (where o, is defined in (4.3)), the function
z(x, s) is a solution of (4.9) and satisfies z(x, s) = 1 as x = oo, then

exp(—sfx b(w) dw)z’(x, s) >0 asx —> oo.
0
PROOF. Observe first that on integrating (4.13) from 0 to x, one obtains
(4.19) z'(x, s)exp(—sfx B) =2z'(0,s) — szfx é(v) - exp(—sfp i)) -z(v, s) dv.
0 0 0

As a consequence, z'(x, s )exp(-s/;b) approaches a finite limit, /(s), as x — oo. This
is obvious if s = 0, while if s # 0 and Re s = o, we have

j:c E(v)exp(—sf ) dv = Z f é(v)exp(-sfovi,)

dg -1

exp( o/ o ~)Ic,‘|f exp(-o(v — a,_,)b,) dv

dv

I
1 M8

k=1

I
™38

XP(“’; (a;—a;_ l)b)|ck|( Ubk [exp( o(a, — a,_ l)bk) ]

A

0(1) i |Ek|i7l:l[()‘l Ak)_o _(>‘1 Ak—l)_o]

k=1

1

(as (a, — a,_,)b, = In(X,)[1 + O(1) - d,] from (2.28), (2.25), and (4.5))

'S k
—om) ¥ n“
k=1 i=

< by (43).

Thus, as |z| is bounded, the right side of (4.19) approaches a limit, as required. We
now show that /(s) = 0 for all 5, Res > o,. Assume / # 0. There are several cases.
If s =0 choose N such that |z'(x,0) — /(0)] < & for some & 0 <& <|/(0)|, and
|z(a,,0) — z(a,_,,0)] < 1forall x, n > N. Then

(4.20) 1>|z(a,,0) - z(a,_,,0)|= fu" z'(x,0) dx

dp-1

{(z/(x,0) = 1(0)) + 1(0)} dx

dy

>(|[(0)|_£) a,—a,_ l)
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Since |8,d,| < 6*|d,| = 0 as r — oo, it follows from (2.25) and (2.28) thata, — a,_,
— o0 as n = oo and, hence, (4.20) provides a contradiction to the assumption that
1(0) # 0. If s = it, t # 0, by a similar argument choose € so that 0 < & < 27 ~!|/(ir)|
and N so that

(4.21) lz(x,, ) — z(x1, 5)| < 1,
(4.22) z'(x, s)exp(—sj: i)) —I(s)|<e,
(4.23) 12(8, = v)/(a, = B,)| < 1/2

for all x, x,, x,, n > N.Thenfor N < a,_, < x; < x, < a, we have
(4.24)

1>z(x,, 5) = 2(x,,5))|

{z'(x, s)exp(—sj: Z)) - l(s)} . exp(sj(j Z)) + l(s)exp(sj;x 7))] dx
sz exp(it/): 7)) dx

> |I(it)]
_ G|
1[5,

_ Gl
l1lB,

—e(x; — xp)

lexp(it(x, — x,)B,) = 1| = e(x; — x,)

— &(x; — x).

sm(%t(x2 — xl)i),,)

As

0 <3ln(1 +w)-(1-3) < Flln(r, )[ (’:_B")]

1 -
= Elti(an - an—l)bn
by (4.18), we can choose x{™ = a,_, and x{ so that
(4.25) Hel(x§ = x{™)B, = lt] - $In(1 + p).

Furthermore by choosing p, which is independent of n, smaller if necessary we can
assume that the right side in (4.25) is smaller than 7 /2. Then from the inequality
|sin 8| > 27710 (|8| < 7/2) and (4.24) we have that

1> (277 Y1(it)| - e)(x§m — x{™)
= (2771(ir)| - €) - (1 + p) - B

by (4.25). As B,, — 0 when n — oo, we again have a contradiction. Finally, if s # 0
and ¢ = Re(s) # 0, choose & so that 0 < ¢ < o]/(s)||s|™* and N so that (4.21)—(4.23)
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hold for all x, x,, x,, n > N. Then, as above, for N < a,_; < x; < x, < qa,,

1>|2(x;,8) = 2(x, 5)]

Xy X .
expl s b)d

el b

= cxp(crj(;xl i)){lﬁz)g—lsﬁ—l|exp(s(x2 - x;)b,) - 1]

>I(s)| —s/xz exp(o[)x i)) dx

X1

€ .
s lexp(o(x, — x,)b,) — 1|}

If 0 > 0 (the proof for o < 0 is similar) it follows that

(4.26) 1> 7),;1exp(ofxl 7))(|L(S—)| - %) {exp(o(x, - x,)b,) — 1}.

0 sl

By a similar argument to that above, for each n large enough we can choose
x{" = a,_, and x§" so that

b, (x5 — x{™) =4In(1 + p).

Observe also that

(4.27) exp(o jo ot B) /b, ~ 1:[l ( ;d)

i=1

as n - oo, and I17-'A%(8,d;)™' = o0 as n — oo by (4.3). Using this information in
(4.26), we again obtain a contradiction. This completes the proof. 0O

It is not difficult to see that if u(r, s) is a solution of (4.16) satisfying u(r, s) = 1
and e *'b(x(r))du/dr > 0 as r - r(c0) = r,,, then, on integrating (4.16) twice,
u(r, s) satisfies the integral equation

-1 — <2 o ffo_w—1t 5(X(W))
(4.28) u(r,s)=1 sj; j: et )i)(x(t))i)(x(w))u(w’s)det'

With the aid of Lemma 4.1 this result may be strengthened as follows:

THEOREM 4.2. (i) A locally integrable function u(r, s), Re(s) > o,, is a solution of
(4.28) if and only if u(r, s) satisfies the differential equation (4.16) and u(r, s) = 1 as

ror,.

(ii) The integral equation (4.28) has a unique bounded solution if
429 (I AR I €100 N P
(4.25) A/ B(x()B(x(1))

PROOF. (i) if u(r, s) satisfies (4.16), and u(r,s) = 1 as r - r,, it follows from
Lemma 4.1 that e ~*’b(x(r))du/dr — 0 as r — r,, and, hence, u(r, s) is a solution of
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(4.28). Conversely, let u(r, s) be a solution of (4.28). Then
%[u(r +h,s)—u(r,s)]
52

I (e "(b(x(t))) f “W%E%%u(w, s) awdt

- 'e“‘”—c(x(w))u w, s) aw
= ;.f b(x(t)) (f b(x(w)) (w.5) 4 )dt

s (oo E(x(w)) [ e
+7-/; ¢ B(x(w))u(w,s)dw]; b(x(t))

As u(r, s) is locally integrable, it is clear that, on letting » — 0, we obtain

’rs=2e—" e"”’Muws W
w(ros) =5y L b)) )

ie.,

e b(x(r))u'(r,s) = sz/r’w e‘”%u(m s) dw.

By a similar argument we also have

d( _s fiﬂ _ 2-xr5(x(’))
;(e b(x(r)) dr)——se —i)(x(r))u(r,s),

and thus u(r, s) is a solution of (4.16). Also, as u(r, s) satisfies (4.28) for all r,
including r = 0,

u(r,s)=u(0,s) + sz‘/:f’w e (v - é(x{w)) u(w,s) dwdt.

b(x(1))b(x(w))
Hence, ~(( ))
r_l.if?w)u(r, s)=u(0,s) + szfowj;w e_s(w_’)i)(x(t))i)(x(w)) u(w,s) dwdt

=1.

(i) This follows from the relevant Neumann series expansion in the space of
bounded continuous functions on [r,, ), r, suitably large, equipped with the usual
supremum norm. 0O

We next consider the behaviour as n = oo of the solutions ¢,(x, s) constructed in
§2. Observe that

(4.30) (Bk+l Bk)ak (Bisr — Bi) Z (a; - a;_,)

i=1

= (Bk+l Bk) Z ln()\ )

= 0(1) - d,[In(A,) + ln()\k—l)sk-ldk—l
+In(A o) (81— 1)(8k—2dk>)
w4+ In(A)(8,_ydy_y) - - (81‘11)]
(by (2.25)~(2.26) and (2.28))
= 0(1)d,[In(A;) + o(1)], by (4.1),
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as 0,d, < 6*|d,|and d, —» 0 asr — oo. Also we have (cf. [4, Lemma 3.5])

LEMMA 4.3. Assume that, foro > ¢,,d,A\;° = 0ask — oo and

[o o]
1

(4.31) Yy < o

k=t (Al = 1) (A%ldida] - 1)
Then for each real number G with G > o,, one can choose § = §(&) = sup{8,: r > 1}
such that the functions H™(s) and K™ (s) defined by (2.64)—(2.65) satisfy |H{"™(s)|
<2 and |[K!"(s)| <2 for all n and r, n > r + 1, and all complex numbers s with
Res> ¢

PROOF. We omit the proof for H!")(s) since it is similar to the proof for K "(s)
given below. Observe that for Re(s) > 6

|1+ x/d,) < (a1 1)
Consequently, the supremum
(4.32) C= sup{|(1 +X/d,)"|:Res>6,r> 1}
exists and is finite. Choose & so that

) 1
(4.33) [ + Z (Mgt - 1 )(7\‘7,<+1|a!/:il|—1)]< ¢

Note that
+ A___
1 + }\sr+1dr-:1

by (4.33). Also, assuming K (™)(s) < 2 forr + 2 < m < n — 1, it follows from (2.71)
that

|K(+2(s)] =1 <1+38C<2

|KM(s)| <1+ 28

1
C+ Z . <2
=1 (N = 1) (Kldiha] - 1)]
by (4.33) again, Thus, by induction, |K{"(s)] < 2 forallnand r,n > r + 1, and all
s,Res>é6. O
Now, by (4.30) and (4.1), the series X(B,., — Bi)a, is absolutely convergent.
Also, by Lemma 4.3 and (2.76)—(2.77) we can define functions

(4.34) ¥ (s) = lim ¥{"(s),
n— oo

(4.35) @ (s) = lim @(s)
n—oc

that are analytic in the half-plane Res > > o, provided 8 = sup{§,: r > 1)
satisfies (4.33), which we henceforth assume. Finally, define

(4.36) U(s) = lim U™ (s)

k
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r+1 d -1
(4.37) V.(s) = lim V"(s) = E(s) []_[ (1 + —f)] .
n— o0 k=1 >‘k

On letting n — oo in (2.74)-(2.75), we now have that for fixed x in [a,_,, a,],
lim, _, _¢,(x, s) = ¢(x, 5), where

(4.38) ¢(x,s) = 4,(s)exp(a,sx) + B,(s)exp(B,sx),  x € [a,_y,4,],

and
4,(s) = x:exp[s > (Beoi - Bk)ak] LY (5)¥,(s),
(4.39) - ”
B(s)= em[s Y (Bisr— Bk)ak]%‘—‘V,(s)@,(s)-
k=r ©
Let
(4.40) v(x,s)=e"9(x,s),

where v is defined in (4.6). Then we have

THEOREM 4.4. (i) The function (x(r), s) is the unique solution of (4.28) for all s in
the half-plane Re s > o,.

(i1) If U/(s) and V,(s) are analytic in the half-plane Re s > 6 > o, for all r > 1,
then, for Res > 6 > a,, the function y(x(r), s) is a solution of (4.28) if and only if
Y(x(r),s) = 1asr— r(o).

REMARKS. (1) U, and V, are analytic in Re(s) > 6 > o, if, for example, E(s) is
analytic in Re(s) > o,, and none of the factors 1 + d4,A ’ has a zero in this region,
ie, foralln > 1,

(4.41) Inld,|/In A, < o,.

(2) Similar results (i.e., Theorems 4.2 and 4.4) apply to the related integral
equation

(4.42) u(r,s) =1 +f’°° ki(r,t,s)u(e,s)dr,
where
s alx(@) o e <
(4.43) k(r,t,s) = —s% b(x(z))f, TOAR
=0, r>t,

formed by interchanging the order of integration in (4.28). Here, the analogue of
Theorem 4.4(ii) requires a different method of proof (cf. (4.45)).

PROOF. (i) By Theorem 4.2 and (4.15) it is enough to show that {/(x, s) satisfies
(4.13) and Y (x, s) = 1 as x = oo. The proof now follows closely that of [4, Lemmas
4.2 and 4.4).

(ii) Observe that o, (defined in (4.3)) is no larger than o, (defined in (4.31)). As
Y(x(r), s), Res > oy, is already a solution of (4.16), the result is a consequence of
Theorem 4.2(ii).
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As an immediate consequence of Theorem 4.4(i), we have

COROLLARY 4.5. For any s, Re s > o, and any constant C the boundary condition
u(r,s) = C as r - r,, determines a unique solution, C{/(x(r), s), of the differential
equation (4.16). O

THEOREM 4.6. Assume (4.41) holds. If there exists a solution u(r,s) of (4.28)
analytic for all s in a region G intersecting B = {s: Re s > o, }, and E(s) is analytic in
G, then u(r, s) = Y(x(r), s) (and hence u(r,s) > 1 asr - r_) and E(s) # 0 for all
seG.

PROOF. By Theorem 4.4(i), u(r,s) = ¢(x(r),s) for s € B. Consequently, by
uniqueness of analytic continuation, u(r, s) = ¢(x(r), s) for all s € G. But, by
(4.36)—(4.37),

Y(x(r),s) = E(s)x(x(r),s),

where x(x(r), s) is analytic in a half-plane Re s > 6 > o, containing G. If E(s) =0
for some s € G, then u(-, s) is the zero function, which cannot be a solution of
(4.28). Consequently, E(s) # Ofors € G. O

By way of example, if we consider the case d, = p;?, 6 > 1 fixed, A, = p, (i.e.,
(1.4)), then E(s)= (s + 0)$Q2s +20)), and oy +0=1,0,+0=1/2,0,+ 0
= 0, while 8, > 0 for all . Then Theorem 4.6 is the main theorem in [4]. Observe
that, from Theorem 4.4, for Re(s + 6) > 1 we have ¢(x, s) = 1 as x — co. Conse-
quently, we have the identity

(4.44) 1=y(0,5;8)+ X {¥(a,,s;8) ~¥(a,_;,s5;8)},
n=1

ie.,

(4.45) S@5*20) _ s s 8) + B0, 5: 8)

$(s+0)

+ f A‘Loo)(o’ s 8){8(“"—7)’“" - e(a"-y)w,,-n}

n=1
+B'$oo)(0, s; 8){e(ﬂ,.—v)sa,, - e(B.,-v)sa,.-x}
for Re(s + 6) > 1, where 4 and B(*’ are defined in (2.79). A similar formula for

(£(s + 6))7! follows by considering the special case (1.5) mentioned earlier.
Note also that, as the Euler product

E(s)= T (14577°)

pprime

is convergent for Re(s + 6) = 1 (s + 6 # 1) by [13, p. 59], it is true that y(x, s) = 1
as x — oo for these values of s. Conversely, if one could establish (e.g. by direct
asymptotic methods) that (4.13) (or (4.16)) had a solution tending to one as x — oo
(r - r,) for all s with Re(s + 8) = 1 (s + 6 # 1), then Theorems 4.2 and 4.6 show
that E(s) # O for these values of s. This would provide a differential equation proof
of the prime number theorem.
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5. The associated wave equation. We consider here the linear partial differential

equation

(5.1)

for x, ¢t > 0. Observe that for x in [a,_,, a,],
b*(x) — 4é(x) = b2[1 — 4¢,/b?] ~ B} asn — oo,

by (4.11)-(4.12). Hence the equation is of hyperbolic type, at least for large x. The

characteristics through (x,, ¢,) are given by
t—ty= fx - %i)(u){l +1- 46(u)5'2(u)} du

(5.2)

Ux — 5('x)uxl + E(x)uu =0

and
t-ty= [ - %77(u){1 — 1= 42(u)b2(w) ) du.

(5.3)
Xo
It is clear from (4.11)-(4.12) and (4.5) that (eventually) the characteristic (5.2) has

negative slope, while from the fact that
= 4¢ 1
1-V1-4aab2==" —,
b> 1+ 1 - 4ch2
it follows that the slope of the characteristic (5.3) depends upon the function ¢&; for

example, given (2.10), the latter slope is positive if d,, > 0 for all » and negative if
d, < 0 for all n. Note also that by (4.11)-(4.12) again, as n — oo,

fa" b(u)du= Y (a,—a,_)b,~In(A A, --- A,)
0 r=1

(5.4)
and
(5.5) fu" %du = z:‘,l(a, -a,_,) ;’—:
- 0(1)- X m(r) - £27

r=1

~ 0(1)- ¥ In(A,) -, = 0(1)

by (4.1). Thus, along the characteristics (5.2) if we assume (4.18) it follows from (5.4)
that as x — oo, t = —oo, while by (5.5) the characteristics (5.3) have the property

that as x — oo, ¢ tends to the finite limit

I !
0 by s V1Zas?

o
Xo

(5.6)
Observe also that if d, < 0 for all n, the characteristic through (0, t¥), where

25 = [ (b- VB - 22),
0

(5.7)
is asymptotic to the x-axis as x = o0.
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Consider now the change of variable

£=l xi)(u)du+t
2Jo

and set w(x, §) = u(x, t), where u is any solution of (5.1). Then

4 2b'(x)
5.8 Wy =7——————W,, — 5 W,.
(58) 8 h2(x) — 4é(x) b(x) — 4é(x) ©
Here, as b is a step function, b’ is an appropriate sum of delta functions. Notice that
asa,~K-In(A,)-(dd, --- d,_,)!, as n > co one can see from (5.4) that in the
special cases (1.4) and (1.5) we have (roughly) fo"B = 0 'In x, or b(x)= (fx)™".
Consequently, for large x,

___ 4 _4e(x)
b%(x) — 4¢(x) b%(x)

Thus, for these cases (5.1) bears some resemblance to the automorphic wave
equation (see e.g. [5, (1.8)])

-1
= 45'2(x)(1 ) =~ 460%x>.

(5.9) uy =y ug, +u,,) + fu.

Although the precise connection between (5.1) and the analytic function E(s) is
not clear as yet, the following possible application indicates that this connection
could be quite useful. The application involves a theorem which is a special case of a
result of Muntz [7] and Szasz [12] (cf. also [9, 11]). Consider the function sequence
{e #"},51 in L*(0, 00), where the numbers p, are real and positive. This sequence is
said to be closed if

(5.10) [[ryerd=0,  n>1,
0

implies f is zero almost everywhere and complete if any f in L?(0,00) can be
approximated, in norm, by polynomials

(5.11) P(t)= ) ae ™.
k=1

It is known (see e.g. [9, p. 26]) that {e *'} is closed if and only if it is complete. In
addition, we have

THEOREM 5.1 (MUNTZ - SzAsz). The sequence { e *'} is closed if and only if
=1
(5.12) — = 00.
n=1 Kn
Thus, in particular, if Zp;' < oo then {e *'} is not closed. To prove the latter
statement one needs to show that if Eu;,‘ < oo, then there is a nontrivial function
f(¢) in L*(0, co) whose Laplace transform F(s) vanishes at the prescribed set of
points {1, }. One might attempt to construct such an f as follows. Set

(5'13) d" = _“':11’ 8n = _8 < O’ An = [‘I'ln/“".
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In this case the wave equation (5.1) (with the sign of the middle term reversed)
corresponds to the Euler product

(5.14) EGs) =1 (1 - %)

.
n=1 ntn /b

and both sets of characteristic lines (5.2)—(5.3) have positive slope and finite limit
values for ¢ as x approaches infinity along the characteristic. Consider the boundary
value problem defined by (5.1) and the boundary conditions

(5.15) u(x,0) =u,(x,0)=0,

(5.16) u(0,2) = f(¢).

The Laplace transform U(x, s) of the solution u(x, ) of (5.1), (5.15)—(5.16) satisfies
(4.9). If one can determine f so that U(x, s) is bounded as x tends to infinity (e.g. by
making use of the geometry of the hyperbolic equation), then, by Corollary 4.5 and

(4.36)—(4.40), u(0, t) = f(¢) transforms to a constant multiple of E(s) which vanishes
when s = p,, n > 1, as required.
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