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ON DIFFERENTIAL EQUATIONS ASSOCIATED

WITH EULER PRODUCT EXPRESSIONS

BY

IAN KNOWLES

Abstract. A method is given by which one may associate (uniquely) certain

differential equations with analytic functions defined by certain Euler product

expressions. Some of the consequences of this construction include results relating

the location of the zeros of the analytic functions to asymptotic properties of the

solutions of the differential equations, as well as a differential equation characteriza-

tion of those Dirichlet series with multiplicative coefficients.

1. Introduction. Let [dn)n>x and {Xn}n>x be given sequences of real numbers

satisfying

(1.1) dn> -1,       dn±0,   \„>l       forzz>l,

and

(1.2) £k,i<°o,
n = X

and consider the formal Euler product expression

(1-3) £(,)=n(i + fL).

If the sequences [dn] and {X,,} are suitably chosen, then the Euler product (1.3)

will converge absolutely in some right half-plane Re(s) > a0 and define there an

analytic function. In many cases (though not always—see, e.g., [10]) this function

E(s) has an analytic continuation, also denoted by E(s), to a larger domain. For

example, if {pn} denotes the set of prime numbers listed in increasing order

beginning with/Zj = 2, and we set

(1-4) d„ = p:e,      h„ = p„,

where B > 1 is fixed, then [13, p. 5] E(s) = ?(s + 0)(Ç(2s + 20))"1, where Ç(s)

denotes the Riemann zeta function; if

(!-5) dn = -p-\       \n = Pn,
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546 IAN KNOWLES

then E(s) = (£(s + 0))"1; finally, if

(1.6) dn = -(Trny\   Xn = e2,   z = e~>,

then [14, p. 114] E(s) = z_1sin z.

For the case (1.4) above, it was shown in [4] that one can associate with the Euler

product (1.3) a second-order differential equation [4, (4.6)] arising from a sequence

of eigenvalue problems [4, (3.4)-(3.5)] associated with the partial products of (1.3).

Our main intention here is to extend this process to cover the more general Euler

product (1.3) and to investigate in detail some of the consequences of this construc-

tion. Included here are a proof (§§2, 3) that the differential equations are uniquely

determined by the Euler products and the fact that such differential equations and

their associated eigenfunctions may be used to characterize those Dirichlet series

Y,^^xa„n~s that have Euler products n"_i(l + dnpfs). This is somewhat compara-

ble to the Hecke-Petersson modular form characteriztion, although the functional

equation aspect of the latter is not apparent as yet. It is possible that by considering

higher-order differential operators, one can similarly represent more complicated

Euler products, but this remains to be seen. In §4 we consider some properties

relating the (limiting) differential equation, its corresponding integral equation, and

the zeros of the analytic function E(s), and in §5 we briefly consider the formal

connection between E(s) and a certain hyperbolic partial differential equation

resembling, in the special cases (1.4)—(1.5), the familiar automorphic wave equation

[5].

2. Construction of the associated differential equations. Here we outline a modified

version of the construction in [4]. The idea is as follows. Beginning with the Euler

product (1.3), we write this as a series

(2,) n(1+£)-ñf£,n-x \        A«/     n-x q(n)

where the numbers q(n) and e*(zz) are formed from the sequences [Xn] and [dn],

respectively, according to the formulae

(2.2)    ?(1) = 1,       q(2) = Xx,       q(2" + k) = Xn + xq(k),    1 < k < 2», « > 1,

(2.3)
£*(1) = 1,       e*(2) = dx,       e*(2" + k) = d„ + xe*(k),    1 < * < 2", ft > 1.

Notice that for N > 1,

(2.4) |1 + i)_E*i5i
d \      2

Kl     „-i q{n)s

We next attempt to form an eigenvalue problem En(n > 1) of the form

(2.5) y" - sb„(x)y' + s2cn(x)y = 0,       0 < x < oo,

(2.6) v(0) = 0,

(2.7) y(x) ~ eß"*lSX   as x -> oo
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in such a way that the equation for the eigenvalues is of the form

(2-8) i ^ = 0.

Here, for each zz, ßn + l is a suitably chosen constant, and the functions bn(x) and

cn(x) are assumed to be step fucntions defined on a certain infinite partition

0 = a0 < Of < • • ■ of [0, oo) by certain number sequences {br}r>l and (cr}r>1

according to the formulae

(2.9) b„(x) = br,       ar_f < x < ar, 1 < r < zz,

= b„+1,       x > a„,

cn(x) = cr,        ar_f < x < ar, 1 < r < n,

= c„ + 1,       x>a„.

Observe that the same partition {ar)r>0 and number sequences {br) and {cr} serve

to define each of the functions bn(x) and cn(x), n > 1. Due to degeneracies in the

resulting equations for the numbers ßr, ar, br and cr, one cannot choose these

numbers to obtain precisely (2.8) as the eigenvalue equation. However, by choosing a

sequence 8 = {Ô,, r32,...} satisfying

(2.10) 8rdr>0,       r>l,

but otherwise arbitrary for the moment, one can choose {zzr}, {br}, {cr}, and {ßr}

(now depending on 8) so that the eigenvalue equation for (2.5)-(2.7) has the form

(2.11)
£  e*(k)

XA0,s;o) = 0,
_k=x q(k)s

where x„(x, s> 8) is a certain solution of (2.5) for which x,,(0> s;0) ¥= 0 for all n, s

(see (2.78)); thus (2.8) is essentially the case 8 = 0 in (2.11).

The precise formulae for the constants in (2.5)-(2.7) can be obtained by a

somewhat tedious process of trial and error involving the solutions of (2.5). For

simplicity we proceed by stating the appropriate formulae and then deriving their

properties directly.

Define the sequence e(zz) by

(2.12) e(l) = 1,       e(2) = dx,

and, for zz > 1,

(2.13) e(2" + k) = dn + le(k),        1 < k < 2"~\

= (l+8n)dn + le(k),       1 + 2""1 < k < 2".

Observe that on setting d„ = pfe in [4, Lemma 2.1] we have

Lemma 2.1. For integers n > 1 and q > 0,

(i) e(l + 2B_1 + q ■ 2n+1) = dne{l + q ■ 2n + 1),

(ii)    e(l + 3 • 2""1 + q ■ 2" + 1) = (1 + 8„)dne(l + 2 ■ 2"~l + q ■ 2" + i).

Next, define the sequence {wB(r)}, zz > 0, 0 < r ^ zz, by

(2.14) w„(r) = e(l) + e(l + 2r) + ■ ■ ■ + e(l + k ■ 2r) + ■ ■ ■ + e(l + 2" - 2r)
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and set vv,J0) = w„. Observe that

(2.15) w(]"-1)=e(1) + e(1 + 2"-1) = 1+d„,       w¡,") = e(l) = 1.

We also have

Lemma 2.2. For n > 3 and zz > r + 2,

(O <> = (i + dn)wy\ + 8n_fdn(w<]_\ - wyj2),

(Ü) d?(wy - *y\) = wy\ + 8n_f(wy_\ - wy_\).

This is essentially [4, Lemma 2.1]. Define K(rn) by K(rr+1) = 1 and for zz > r + 2,

¿-l\w(r)_      <r)l

(2.16) K(»)
(l + rfr+1)(l + rf,+2) •••(! +</„_!)

Then we have

Lemma 2.3. (i) For n > r + 2,

v„(r)= n a+ <*,)•
i = r+l

i+  E W
j.r+1 (l + rf/1)^ + dflf)

00 *<'+2>-i + a,+1/(i + «tfi)

zzzzzi, /or zz > r + 3,

»-2

*,<">= 1+     I
S,tf<» «„-x^"""

y-T+l (l + rf/Oi1 + tfl) (1 + ̂ -x)'

Proof, (i) From Lemma 2.2(i) and (2.15),

(2.17) wy\ = (1 + zL+2K<;>  + 8r+xdr+2{wy\ - wM)

= (1 + </r+2)(l + dr+x) + 8r+fdr+1dr+2

= (1 + dr+l)(l + dr+2)[l + 8r+1/(l + dflf)(l + d;l2)\.

For zz > r + 3 one can show by induction (and Lemma 2.2(i)) that

(2.18) w^ = (1 + dr+x)(l + dr+2) ■ ■ ■ (1 + dn)

+ K+idr+idr+2(l + dr+3) ■ ■ ■ (1 + dn)

+sr+2dr+2dr+3[dfi2{wy\ - wy\)](i + dr+4) ■■■(! +d„)

+on_fd„_fdn[d-y{wy\-wy/2)\.

Consequently,

as required.

«-1 «,*<»

, = r+i{l + dfl){l+dfU)
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(ii) Set

(2.19) *r("> = hz„w

Then from Lemma 2.2(h),

" +

n (i + dj)
j-r+l

8       *'<"~1)
JÇ-(n) = fj)(n-l)   .

1  + d-\x

1+       E
8jK^

j=r+x{l + dfi){l + d-;x)
+

Qn-iKy-l)

by part (i) above.

Lemma 2.4. There exists a constant 8* > 0 such that if sup{|ôr|: r > 1} < 5*, then

Ky\b) < 2, ^{"(ô) > 0, and 8„(w„ - w„_x) > 0 for all n, r with 0 < r < zz.

Proof. Observe first that, as a consequence of assuming (1.2), dk -* 0 as k -* oo,

and the series E[(l + dfl)fl + dkl+x)Yl is absolutely convergent. Choose 8* so that

(2.20) C+ E-
~i (1 + dfl)(l + d-k\x)

1
4'

where C = sup{|^(l + dkyl\: k > 1}. To show that A"r(n)(8) < 2 for

sup{|«r|:r> 1} <5*,

we use induction on n for fixed r.

Observe that by Lemma 2.3(h),

Ky+2)^ 1 + 8*C ^ 2

by (2.20). Also, assuming A"/"0 < 2 for r + 2 < zzz < zz - 1, we have from Lemma

2.3(h) and (2.20) that

/ °° 1
K™* 1 + 25*  C +  £

Ä (1 + dfl)(l + d-k\x) '

and thus K^n) < 2 for all zz, r, 0 < r < n. Next, observe that for all zz, r, and {8r}

with sup{|5r|: r > 1} < Ô*, by (2.20),

W>
|7 = ,.+ 1(l+zi;1)(l+zz'/f11)

Consequently, by Lemma 2.3(i),

1 1
« 20* £ t-

w,£>>f n (i + rfy)>o.
j = r+l

Finally, given that wn > 0 for all zz, it is now not difficult to show by induction (and

(2.10), Lemma 2.2(h)) that 8n(w„ - w„_f) > 0 for all n.   D

We henceforth assume that the sequence {8r} is chosen so that

(2.21) sup{|Sr|:r>l} < Ô*,

where 8* satisfies (2.20).
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Next,define(ar)r>l, {ßr}r>iby

(2.22) ax = 0,       ßx = -1,

(2.23) ar = >« - wy_\)/(wr - wr_x),        r > 2,

(2.24) ßr = -wr<V*V-x>       '>2.

These formula differ from [4, (2.10)-(2.13)] in that the factor wn has been omitted.

The following formulae will be of interest later.

Lemma 2.5. For r > 1,

ar~ ßr+l Wr~l
(0

(Ü)

(iii)

«r -  ßr Wr     '

A-+1   - ßr  _ Wr~  K-l

«r -  ßr Wr

ar- ar+i _ dr+xwr_x

<*r~ßr Wr+1-W/

ar+l   -  ßr   _  /,     ,     c x  j Wr~   tVr-l(iv) ^-rt.p^,^,.^     ^

This is essentially [4, Lemma 2.5].

Lemma 2.6. (i) ¿S2 - ßx = ^/(l + i/^;

(ii)/or r> 2,

(2.25) ar-ßr =-—i--ö-n(M*),
MV-ll^r-l + ^r-lK-l ~ ^-2)J   *-l

(2-26) ßr+1-ßr=f/£-n(ökdk).
Wr-XWr  k = l

Proof. As (i) is obvious from the definition, and (2.26) follows from (2.25) and

Lemma 2.5(h), it suffices to prove (2.25). From Lemma 2.5 (i), (iii), and Lemma

2.2(h),

»r+t - ßr+i      wr-i      dr+1wr_f

ar-ßr wr        wr+l-wr

_ wr_x(wr+1 - wf) - dr+lwrwr_f

Wr(Wr+l   -   Wr)

Wr-l(Wr -   Wr-l)

Vr(Wr+l - Wr)

°rdr+i-

Thus

k = l\       ak       Pk       I        k = l

1

W,v-iK- wr_i)

U(Skdk)-F--7—7-ff-    D
¿.I w,-i[w,-i + 8r_x(wr_x - wr_2)\
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Finally, define {br}, {cr} by

(2.27) br=ar+ ßr,       cr = arßr,

and {an} by a0 = 0 and

(2.28) ar = ar_f + ln(Xr)/(ar-ßr),       r>l.

Observe that the partition {ar} is well defined as Xr > 1, and ar - ßr > 0 by (2.10),

(2.25), and the fact that 8n(wn - wn_f) > 0 (Lemma 2.4). It is clear from (2.27) that

for each r the numbers ar, ßr are just the characteristic roots for the constant

coefficient equation (2.5) on [ar_x, af\. Thus, for x in [zzr_,, ar], r < zz, any solution

y(x, s) of (2.5) takes the form

(2.29) y(x, s) = A(rn)(s)exp(arsx) + By)(s)e\p(ßrsx).

When r = n + 1, (2.29) is then valid throughout [a„, oo), and condition (2.7) is

satisfied if we choose A\flx = 0 and B¡¡1\ = 1. We denote the solution so obtained

by <¡>„(x, s). For this solution we have (cf. [4, (3.7)])

2*-i

(2.30) A["}2_k(s) = E CyjexpU")s),
i = i

(2-31) By+\^k(s)= L Dl-JexpU-Js)
i=i

for certain constants C{"J, D$, r,kn], and vjfj, and for 1 < k < zz + 1. Set C$ = 0,

D["f = 1, and vff^ = v[nf = 0. The condition that í be an eigenvalue is now <¡>„(0, s)

= 0, or

(2.32) A[n)(s) + B[n)(s) = 0.

The remainder of this development closely follows that in [4, §3], modulo some

minor alterations. In particular, the formulae (3.9)—(3.58) in [4] are all valid in the

general case, when ar"\ ßy\ a^ are replaced by ar, ßr, ar, respectively, dn replaces

p~e, and X„ replaces pn. In all cases the terms p%+s in [4] become d~lXsn (e.g. in

(3.45)-(3.58)). Thus, from the continuity of <?„(x, s) and <t>'n(x, s) at ar we have (cf.

[4, (3.11)-(3.15)]) that, if

2*

(2-33) A["lf_k(s) = E Cy^exp^flf.s),
i = X

2k

(2-34) By+\_k(s) = E Dl"+\,exp(v{"f!u¡s),
i = i

then the numbers C¡ff, D$, yff}, and v(k"J, 1 < k < zz, are generated recursively by

the formulae

/"(")       _  a" + 2-k ~ ßn+1-k r(„) !     -   .        -,/fc-l
*-* + l,i —      ■ _   a *~k,i , I ^ I ^ Z.        ,

(2 35) an + l-k       Pn+l-k

ßn + 2-k       ßn + 1-k n(n) j_ ^k-1
a -a uk,i-i"
an+l-k        Pn+1

LDi"/_,*-i,        1 + 2k~1 < i<2*,
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(2.36)  Dftu = a"+1-k"n+2-kCl"J,       1< / < 2k~\
«„-L 1   _ L P»-L 1   _ hn+l-k        fn+l-k

an + \-k        ßn + 2- kn(n)

a _ ß Uk,i-2
"■n + l-k        Pn+l-k

DjW-2*-».       1 + 2*"1 < z'< 2*,

(2-37)   ffflu-rf£}+i;*n+t-k-«n+x-k)an+i-k,       Í < /< 2*"1,

=   >,<">      ,    .   4-C« _   « t„ 1-4-   'J*-1- vk,i-2*-' + (ßn + 2-k - «« + l-ft)«-+l--ft. 1   +  2*"1  « « < 2k,

(2.38)    rWu-^ + ̂ +a^-A+i-ik)«.«-*.       I < # < 2*"1,

= "iï-2<- +ÍA.+2-* - Ä,+i-*K+1_*,       1 + 2k'1 < t < 2k.

Using Lemma 2.5, we see that (2.35)-(2.36) become

(2.39)    cyjfj = (1 + 8n+f_k)dn+2_k • „, B + 1-*     , "-*   Ci"],       lKi< 2"-\
Wn+2-k        Wn+X-k

W„+,_!, -  W„
■=*=*-Ù?}-i,-i,       l + 2*-1<¿<2*,

w«+1-*

(2.40) Di"fUl = z/„+2_, •-^--C<">,        1 < / < 2k~\
w.n + 2-k        "n+l-k

=   W"-k  £><">>-,,       l + 2*-1<z'<2*.

We also have

Lemma 2.7. (i) For 1 < fc < n, 1 < i < 2*,

(2.41) rß?w = V/Vi,■+(«* + !-* - fVi-*K+i-*-

(ii) Tor Ä: > 2,1 « i « 2*"2,

(2.42) ^1,4,-2 = VA'i.4, - ln(X„),

(2.43) 'WiAi-i-'iïiAi-HK)-

(iii) Fork >2,1 </< 2*"2,

(2 44) Ti*"'       - ■n(n)    i = n«"-1' - »("~.1)

V^-HJ/ V* + X.4í        vk+\.2k        "k.2i vk,2k-1-

This is essentially [4, Lemma 3.1].

We next derive generating formulae for A{rn) and B}tt) analogous to that given in

Lemma 2.2 for wy\

Define Ejß and F$ by

(2.46) Ci") = W"~k + 2~ W"-k + lEi"J,

Wn

(2-47) Di"J = ^f^Fy,\
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From (2.39)-(2.40),

(2.48) EJT>U = (1 + 8„+l_k)dn+2_kEyj,       1 < / < 2k~\

- F¡¿%v-x,       1 + 2k-l<i<2k,

(2.49) Fl"X, = dn+2_kEy),       U/<2*-1,

= F/",)_2*-1,       1 + 2*"1 < / < 2*.

Also, analogous to [4, Lemma 3.2] we have

Lemma 2.8. (i) E$ = F$ = 0 if i is odd.
(ii) Fork > 2andl < i < 2k~2,

(2.50) Ey/fAi = E[":2-y\

(2.51) F&\Ai = F&-V.

(iii) Fork > 4 and 1 < i < 2*-4,

(2-52) £$,._2 = dnEl%,

(2.53) F^¿_6 = (1 + 8n_f)dnEi%_4,

(2.54) F$,a = rf.^,

(2-55)                                 F$_6 - (1 + t^/W.4.

Finally, define L<"'(^) and Mr(n)($) by

(2.56) ^->(,) = exph^-,.*--'] ■ Wr"W'r-1X<">(^,
w. — w.

w„

ZL

W
(2.57) 2?<»>(S) = «ptw-%-^«-'] ■ ir^"^)-

It follows from (2.30)-(2.31), (2.46)-(2.47), and (2.56)-(2.57) that

2«+l-r

(2.58) L<">(*)=    Z   Ey/2_r^p[s{u%_r,,-vfffl2_rX,^}},
i = \
2" + 1 - r

(2.59) My\s)=    Z   F£\-,.fi*pl*{'&2-rj-'i&-r*«-'}],

and, corresponding to [4, Lemma 3.3], we have

Lemma 2.9. (i)

(2.60) L<"(*) = 1,   Lr»(s) = l+(l+8r)dr+f/Xr+f,

and, for n > r + 2,

(2.61) Li"\s)=l[l+^yr1Ks) + ^^[Lr1)(s)-Lr2)(s)].

(Ü)

(2.62) My\s) = l,   My+V(s) = l+dr+l/Xr+i,
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and for n > r + 2,

(2.63)    My\s) =[l+ iW-i>(,) +%i[Mr(»-i)(J) - **-*(,)].

Proceeding now as in the derivation of Lemma 2.3 (cf. [4, (3.47)-(3.58)]), we

define functions Hy\s), K{rn)(s), n > r + 1, by Hy+1)(s) = K(rr+1)(s) = 1 and, for

zz > r + 2,

(2.64)

Hy\s) =

(2.65)   *„<">(*) =

Define also

(1 +(i + firK+1/x*r+1)(i + dr+2/K+2) ■■■(! + dn_f/K_f)

d-yK[My\s)-My-»(s)\_

(1 + dr+f/Xr+1)(l + dr+2/X\+2) ■■■(! + dn_x/K_x) ■

(2.66) Uf"\s)= \1 + ÇL±AM±1 |

(2.67)

^r+l

vy\s)= n
j = r+\

fe)-(1+ê''
1+^

Then, by following the derivation of [4, (3.53)-(3.54)], we obtain

(2.68)    L["\s)=Uy\s)

where

1 + 8r+x/(l + X\+x/(l + 8r)dr+x)(l + Xr+2/dr+2)

"y1 8jHy\s)_

+ /=r+2(l+XVtzJ)(l+V;+1/zz';+1)

Hy+2\s) = i + sr+x{i + k+1(i + s^dfi,)'1

and, for zz > r + 3,

«,+i
(2.69)    Hy\s) = 1 +

(1 + X*r+1/(1 + 8r)dr+x)(l + K+2/dr+2)

n-2

+  E
8jHy\s)

+
k-xHy-Hs)

,=r+2 (1 + V/dj){l + K+i/dj+t)     (1 + K-i/d„-i)

Likewise, analogous to [4, (3.57)-(3.58)] we have

8jK^(s)
(2.70)       Mr(n)(s) = Vf\s)

where

i+  E

Ky+2\s) = i + 8r+x(i + K+id;li)-1
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and, for zz > r + 3,

"~2                   8K(J)(s)                        8     Jc("_1>(f)
(2.71)    Ky\s) = l+    Z    7-TT-1^-r + 7^^-^

j=r+i{i + xydj)(i + x*j+x/dJ+x)    (i + K_x/dn_x)

Thus, on noting that (cf. [4, (4.23)-(4.24)])
n

A: = r

(2.72)

and
n

(2.73) VA'2-,2— = E (&+i - &)«* - ln(Xr),
k = r

we obtain from (2.56)-(2.57), (2.68), and (2.70),

(2.74) A["\s) = X"/exp s E (ßk+i - ßk)ak
.   k = r

Wr   —   W,_, .     .—L_r    l  Jj(n)
uf\s)*y\s),

and

(2.75) By](s) = exp

rt

*E (ßk + i - ßk)ah
k = r

W,
±vy\s)<i>y\s),

where

(2.76) *^H*) - ¿<->(*)[^")(*)]"1

¿Wl

= l + (i + x*r+1/(i + 8r)dr+x)(l + Xr+2/dr+2)

W\s)+  E
.+2 (i + xyd,)(i + x^+1/a,+1) '

and

(2.77)
n-x 8K(J)(s)

$y\s) = MywlK^s)]-1 = 1 +  E  7-V     -r.

The solution <i>„(x, s) of (2.5) satisfying (2.7) is now given explicitly for x in

[ar_x, ar], 1 < r < zz, by

where

(2.78)

and

*„(x, s; 8) = A(rn)(s)ea'sx + By\s)eß'sx = YÍ

7 = 1

X„(x, s; 8) = Ärn)(s; b)ea^x + Éy\s; i)eß'lx,

l+^)x„(x,s;b),

(2.79) Ä["\s; 8)
r+l

; = 1
n 1+^7 i + (l+AVr+l

^r+1

•X/exp 'E(í*+i-ftK
.   k = r

^^*y\s),
w„
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By>(s; 8) = jm exp * E (ßk + i - ßk)ak
k = r

W.
%ln)(s).

Note that as 8 -» 0, wr -» Uj=x(l + dj), from Lemma 2.3(i) and, from (2.25), (2.26),

and (2.28),

(2.80)      lim (ßk + x - ßk)ak = lim (ßk+1 - ßk)(ak - ak_x)
8->0 8->0

limln(Xj
8-0

Consequently,

Xn(0,s;0) = Ä{")(s;0) + Bi"\s;0)

»   ln(Xk)-dk

(wk~wk-i)     H^k)'dk

w. 1 + zL

= w^exp

= H>„-'exp

#0,

A    l + dk

"   ln(Xk)-dk

di
■X-f(wx-w0) + l}

which establishes (2.11).

In the next section we show that the existence of the solutions 4>n(x, s) °f tne

equations (2.5), zz > 1, may be used to characterize which Dirichlet series have Euler

products of the form 11(1 + dnpfs). In this vein it is worth noting that, for a fixed 8,

the set of solutions <¡>„(x, s) together with their differential equations (2.5) are

uniquely associated with (1.3) in the sense that if the sequences {aa)„>l, [ß„)„>x,

and {a„)n>0 (with ax = 0, ßx = -1, a0 = 0) defining the differential equation are

given and satisfy an - an + x > 0 and an - ßn > 0 for all n > 1, then the original

Euler product (1.3) can be recovered as follows. Define (cf. Lemma 2.5(i)) wr, r > 0,

by w0 = 1 and

wr ar - ßr

(2.81)
wr ar~  ßr+l'

r>l;

then define dr, 8r,Xr,r> 1, by (cf. Lemma 2.6(i), Lemma 2.5(iii)-(iv), and (2.28))

(2.82) dx = -1/& - 1,

(2.83)

(2.84)

(2.85)

¿r+l

ar-ar+x    wr+x

«r-ßr

r>l,

1       «,4-1     _    ßr Wr+1     ~    Wr
(1 + 8r) = dflx   r+l     Pr ■ ̂ -r-,       r > 1,

ar- ßT      wr- wr_x

ln(Xr) = (ar- ar_f)(ar- ßr).

Notice that ß2 # 0 as ß2 < a2 < at = 0, and

(2.86) w0 =1,       Wf = -l/ß2 = l + df.
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From (2.83)-(2.84) we have, for r > 1,

,«r-«r+l / J-, <*r+X~ß/
w. xdr+x = (wr+x -wr)^--^-= (wr+1 - wf){l

«r-ßr V    r+1 rJ\ Otr-ßr    f

= (wr+1 - wr) -(1 + 8r)dr+l(wr- wr„f),

i.e.

(2.87) wr+1 = (1 + dr+f)wr + 8rdr+x(wr - wr_x).

Also, using {d„} and {8n} defined above, define e(zz) by the formulae (2.12)-(2.13)

and set

(2.88) wn = e(l) + e(2) +  ■■■+e(2").

Then, by the argument of Lemma 2.2(i),

(2.89) wr+x = (1 + dr+l)wr + 8,dr+l(wr - wr_f).

As w0 = e(l) = 1 and wx = e(l) + e(2) = 1 + dx, it follows from (2.86)-(2.87) and

(2.89) that wr = wr = e(l) + ■ ■ • + e(2"). Consequently, all of the previous formulae

in this section connecting wr, dr, 8r, ar, etc., are valid for the values of Xr, dr, and 8r

defined above. In particular, with these values, the Euler product 11(1 + d„X'„s) is

then uniquely associated with the given differential equations.

3. Characterization of Euler products. In this section we restrict attention to formal

Euler products

~ I       d
(3.1) E(s)=U\l+ff

n~X\ Pn

where {pn} denotes the prime numbers, beginning with px = 2. The problem

considered here is, given a formal Dirichlet series

(3-2) D(s)=La-^-,

n = l

where zz(l) = 1, when can it be written in the form (3.1)? Observe that a necessary

condition for this to happen is that a(n) = 0 if n has a repeated prime factor. In this

case one can formally rewrite the series (3.2) in the form

(3-2)' />(,)=  La-^,

«-1    IK")

where q(n) is defined by (2.2) with Xn = p„. Furthermore, (3.2)' has the form (3.1) if

and only if a( ■ ) is multiplicative in the sense that

(3.3) a(mn) = a(m) ■ a(n)    whenever (m, n) = 1,

in which case dn = a(pf) for each zz. This is perhaps the simplest example in a much

wider theory in which the existence of more complicated Euler products may be used

to characterize a wide variety of multiplicative properties of the arithmetic function

a(zz)(seee.g. [6, 8]).

The characterization that we derive here depends upon the natural product form

of the coefficients C¡?J and Dff in (2.30)-(2.31) and the fact that the product
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structure of (1.3) is essentially only needed (via Lemma 2.2) in passing from the

formulae (2.35)-(2.36) to the formulae (2.39)-(2.40). We first associate with (3.2)'

differential equations of the type (2.5), considered in the last section, by means of

the following construction. Assume that

(3.4) E \a(Pi)\< °°,
<-i

and the sequences {8¡} and { k, } are chosen so that

(3.5)

(3.6)

(3.7)

where

0<K,<1, z > 0,

8¡a(p,)>0,       ¿>1,

rap{|<,|:i> !}<«*,

c+E
a(Pi)a(p¡+i)

Zi(l + a(Pl))(l+a(pi+l))

-i

(3.8) 8* =

and

(3.9) C = snp{\a(p,)(a(p,) + iy1\:i^l)

Define the sequence of polynomials {/(8, k)} in 8 = {8¡}¡>1 and k = {K,},>0by

A(8,k) = 1,       /2(8,k) = 1 + k0,

and, for zz > 1,

(3.10) /2„+,(8,k) = (1 + k„)A(8,k),       1<zc<2"-1,

= (1 + 8„)(1 + K„)fk(B, k),       1 + 2""1 < k < 2".

Set e(z) = /(8, K)a(q(i)) and for zz > 0, 0 < r < zz, define (cf. (2.14))

(3.11)
i = 0

Let {«(/): i > 1} be defined by (2.12)-(2.13) with d„ = (1 + *„_,>*(!>„), « > 1. If

we set

2"-l

(3.12) wn =   E *(1 + 0.
Í-0

and wt\0) = ivn, then we have

Lemma 3.1. The arithmetic function a(n) satisfies (3.3) if and only if wn = wnfor all

zz > 1 and all 8 and k small enough.

Proof. Observe that from (3.11),

»„- £/,(». «Mi(O).
i-i
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while wn is equal to a similar sum with the factor a(q(i)) replaced by the product

Y\a(p), where p runs through all prime factors of q(i). Thus the result follows easily

if, for each fixed zz, the polynomials/(8, k), 1 < z < 2", are linearly independent.

We prove this by induction. From (3.10) it is clear that {fx,f2) is independent.

Assume that {/: 1 < ; < 2""1} is independent and let C„ 1 < z < 2", be constants

such that

LC,/(8,k) = 0,
i = \

i.e., by (3.10), for fixed k„_, and 8„_x,

2"   ' 2"-2

EC,/(8,k)+(1 + k„„1)EC,+2» ,/(8,k)
i=i /=i

2"   '

+ (1 + k„_x)(1 + 8„_x)     £     C,+2„ ,/(8,k) = 0.
, = l+2"-2

Consequently, by the induction assumption,

(3.13) C,+(l + K^x)Ci+r , = 0,       l<z<2"-2,

(3.14) C,+(l + K^x)(l+8„_x)Cl + 2„-> = 0,       1 + 2""2 < z < 2"-1,

for all k„_x and S„_v From (3.13) we have C, = 0, 1 + 2""1 < i < 2"~2 + 2"~l,

and from (3.14), C, = 0, 1 + 2""2 + 2B_1 < i < 2". Finally, as C, - 0,1 + 2"'1 < /

< 2", (3.13)-(3.14) also give C, = 0,1 < i < 2*~\ as required.   D

Next, define

(3.15) â, =0,       ßx = -l,

(3.16) à, = -(*,(1) - ^z\)/(wr - wr_x),       r > 1,

(3.17) A.--*,Wi.       '>!.

and

(3.18) br=ar+ßr,       cr = ärßr.

Finally, assuming for the moment that àr - ßr > 0 for all r > 1, define {âr}rSî() by

<50 = 0 and

(3.19) âr = âr„x+(ln(Pr))/(âr-0r).

By using âr, br, cr in place of ar, br, cr in (2.5), one can define a sequence of

differential equations

(3.20) y" + sbn(x)y' + s2cn(x)y = 0,

where the step functions bn(x) and cn(x) are defined as in (2.9) with bn and cn

replacing b„ and c„, respectively. By analogy with (2.29)—(2.31) and (2.37)-(2.40) one

can also define a sequence of functions 4>„(x, s; 8, k) by

(3.21)

$„(x,s) = Âin)(s)exp(ârsx) + By)(s)exp(ßrsx),       *e [âr_x,ar),l < r < zz,

= exp(^„ + 1sx),       x>ân,
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where Âir")(s) and By\s) are given by

2*-i

(3-22) Âl,»>2_k(s)=  £ Cyjexp(W)s),
i-i

*.(?2-*(*) = I tyr/rapiW.
i-1

and C^, ££»/, *j$, i>$ are given by C$ = 0, Z){'1» = 1, f)$ = *$ = 0, and (cf.

(2.37)-(2.40))

(3.23) C&V, = (1 + ôn+1_J(l + <cn+1_ft)a(/,n+2_A)

• .% + 1"*_~ W"~*   C'?,        1 < z < 2*"1,
*»+2-*        'Hi + l-*

= W"^ir*~w"-*£)(») ! + 2*"1 < i < 2*,

(3.24)

by/u, = (1 + K„+l_k)a(Pn+2_k)-r-  -^-Cl."/,       1 < Í < 2*"1,

=  ,H'""/'   D<"> ,t-,,        1 + 2*-1 < / < 2*,
... fi  ,1 ¿.

(3-25)    r/i'V1!, = m+{àn + 2_k - àn + x_k)ân + x_k,        1 « i « 2*-1,

= >&-*-> + ÎÂ.-2-* - ân+x_*)ân+1_„       2*"1 + 1 < f « 2*,

(3.26)    *<"+Y, = ^ + (ân+2_, - ßn + x.k)än + x.k,       1 < i < 2*"1,

»W-2»■ + (A,+2-* - ¿S„+x-*)âB+1_„       2*"1 + 1 « / < 2*

Observe that by the procedure following (2.47), one can show that A(rn) and B}n) are

given by (2.74)-(2.75) with Xr, dr, ßr, ar, wr being replaced by pr, (1 + Kr_x)a(pf),

ßr, âr, and wr, respectively.

The main result of this section can now be stated.

Theorem 3.2. The Dirichlet series (3.2)' can be written in the Euler product form

(3.1) (h>z'/zz dn = a(pn)) if and only if for each zz ̂  1 zzzzzi 8, k satisfying (3.5)—(3.7),

â„ - ßn > 0 and <pn(x, s; 8, k) is a solution of the differential equation (3.20). In this

case <pn is the unique eigenfunction for the eigenvalue problem consisting of (3.20) zzzzzi

the boundary conditions

(3.27) _v(0,i) = 0,       y(x, s) ~ exp(ßn + xsx)    as x-> ce.

Proof. If (3.2)' has the form (3.1), the result follows by the construction in §2, as

we then have ê(z') = e(;'), wn = wn, etc. Conversely, if ân — ßn > 0 and <í>„ satisfies

(3.20) for all n, 8, k as indicated above, it follows from (2.35)-(2.36) that the
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constants C["f and Dk"J are also generated by the equations

an+2-k ~   "»+1

ln + \-k        Pii + l-k

ßn + 2-k ~ ßn+1-k

(3.28)       Cl"+\¡ = ^2-k     Pn + x-k . ¿u,^        l^.< 2k-f

ßnTx-
■ by)_2k-t,    i + 2*-1<i<2*,

k

(3.29)     by+\j = .a+1-*_^"+2-* ■ C< " >,      Ï < / < 2*"\
a«+l-A: Pn+l-k

â — R
-       " + 1-* tJn + 2-k       f. ( „ ) . ~ <• _ l . , A

"n + l-yt       fti+'l-*

Consequently, comparing (3.28)-(3.29) with (3.23)-(3.24), we see that, for r > 2,

(-1   in\ &r ~  Â-1 Zl   _l   S \Zi     , W       \"V-1   ~  ™r-2
(3-30) t-=rg— = (1 + ar_i)(l + Kf-i)a(A)   -       --

and

/        , ar_,      ar        . •.   /    ^      Wr __ -,

<«» jffzjfr^ + ̂ °(r,)i-±t7-
Adding (3.30) and (3.31) and rearranging gives

(3.32)    w, = [l+(l + Kr_f)a(Pr)]wr^ + 8r_f(l + Kr^)a(pr)[wr_f- wr^2]

for r > 2, where w0 = 1 and wx = 1 + (1 + K0)a(pl). From (2.12)-(2.13), (3.12),

and Lemma 2.2 with dr= (1 + Kr_f)a(pr), we also have w0 — 1, m>x = 1 +

(1 + Kf)a(Pf), and

wr= [l +(1 + fcr_1)a(pr)]u'r_1 + 8r_f(l + Kr^f)a(pr)[wr_f - wr_2\.

As wr and vvr have the same values for r = 0,1 and satisfy the same generating

formula, it follows that wr = wr for all r > 0 and, hence, by Lemma 3.1, the

arithmetic function a( ■ ) is multiplicative. This completes the proof.    D

It seems reasonable to conjecture that a similar characterization should be possible

for more general Euler product expressions. For example, one would expect an Euler

product of the form

(3-33) E(s)=    n[i+áll+dÁll
p prime \ P p

to be associated with a third-order differential equation (this would allow the

number of terms in <p„(0, s) to treble each time zz increases by one, corresponding to

adding one more factor 1 + c(p)p~s + d(p)p~2s). This more general theory might

then provide a useful alternative to the Hecke-Petersson modular form approach. In

particular, it may be possible to make use of the natural multiplicative structure

provided by the differential equations (analogous to that of the constants C[nf and

D["f above, for example) to determine new multiplication identities satisfied by c( ■ )

and d() in (3.33).

4. The limiting differential equation. In this section we investigate some of the

consequences arising from letting zz tend to infinity in the construction of §2.

Henceforth we assume that, in addition to (1.1), (1.2), (2.10), and (2.21),
OO

(4-1) £ln(X„)-K|<oo,
«=i
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the Euler product (1.3) has abscissa of absolute convergence a0, i.e.,

00   \d I
(4-2) E ^ < oo

i    A„n = l       "

for a = Re(s) > a0, and

(4.3) £(n¥t)<oo

for a = Re(s) > a2. As a consequence of (1.2), Lemma 2.3, and Lemma 2.4, it

follows that for fixed r the numbers w^r) (defined by (2.14)) tend to a finite positive

limit as n -* oo, which we denote by w¿r), i.e.

00

(4-4) *£>= £e(l + *-2').

Corresponding to [4, Lemmas 2.3, 2.4(h)] we have

Lemma 4.1. (i) For 1 < zz < oo and 1 « r ^ « - 1, set v{nr) = w(l(r-1) - w,|r). T/zezz

^)-*/,k(r) + ̂ K(,>-%<,+u)]-

(ii) Torr > 1,

wrX) - -r=d,[w?+«r(ww - wrX))] •

(iii) For fixed r 3= 2 zzzzzi 1 < ¿fc < r — 1,

wr,t-"^) - wy>w£-» = 8kdk[wy)wy+ï) - *?*»*£>].

Also, corresponding to [4, (4.4)],

w.

(4.5)    £+-2- = --£^± +
__   rV— rvoo "ocrV—1

*» "V-l ""oo ""¡»"V-l

(r-2)     (,-t)_ w(r-X)w(r-2)

= (8fdf)(82d2) ■ ■ ■ (8r_2dr_2) - w'~l     °° w-'   W°°

(by repeated application of Lemma 4.1(iii))

U*'di)—^—

(by Lemma 4.1(iii), as wy_\l) = 1 and wy_\2) = 1 + dr_x)

'-}    \   I   r      \    w{r) + 8 (w(r)- wir+1))

n*, • ru • "   M "—-^—i
f-l       J      \i-X       / Wr-l^oo

(by Lemma 4.1 (iii) again).

Setting

(4-6) y = -w^/wx,

we see that, from (1.2), dr -» 0 as r -» oo and, from (2.20), ôr<ir < 1 eventually.

Consequently, by (4.5) and (2.25), ar -* y and ßr -* y as r -» oo.
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Define functions b(x) and c(x) on [0, oo) by b(x) = br and c(x) = cr for x in

[ar_x,ar), r > 1, where br and cr are defined in (2.27). Clearly, for each fixed x in

[0, oo) we have bn(x) -* b(x) and cn(x) -* c(x) as zz -» oo. Formally letting zz -> oo

in the differential equation (2.5), we obtain the equation

(4.7) y" - sb(x)y' + s2c(x)y = 0,

while the boundary condition (2.7) becomes

(4.8) y(x,s)~eysx   asx->oo.

It is convenient here to transform (4.7)-(4.8) by means of the change of variable

y(x, s) = eysxz(x, s):

(4.9) z" - sb(x)z' + s2c(s)z = 0,

(4.10) z(x,s)—l    asx—>oo,

where b(x) = b(x) - 2v and c(x) = c(x) - yb(x) + y2. Observe that on [ar_x,ar),

c(x) = cn, where

(4.11) c„ = a„ßn - y(a„ + ßn) + y2 = (ß„ - yf +(ßn - y)(a„ - ßj

= (ß„ - y)(an - ßn)[l +(ß„ - y)/(an - ß„)\

~   (ßn - y)(«„- ßn)      aS" -»  °°

by (2.25), Lemma 2.2(h), and (4.5). Also, on the same interval b(x) = bn, where

(4.12) b„ = 2(ßn - y)+(an - ß„) = («„ - ß„)[l + 2(ßn - y)/(a„ - ßj]

~ an~ ßn    as ZZ ̂  OO

by the same reasoning. Equation (4.9) may be rewritten in the form

(4.13)
d_

dx
exp(-5I l)fx+ s2~c(x)^[-s[ *) ' * - 0.

On using the change of independent variable defined by

(4.14) r(x)= /A b(w)dw,

with

(4.15) u(r,s) = z(x(r),s),

we finally obtain

d_

dr
e-"b(x(r))% y^^e-u(r,s) = 0.

b(x(r))
(4.16)

Observe that

(4.17) r„ = r(a„) = ¿  f '   b(w) dw = ¿ (a, - ar_x)br
r=l    "r-l r=\

~ Eln(Xr) = ln(X1X2..-X„)

as n -» oo, by (4.12).
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These differential equations and the associated integral equations (see below) have

a number of interesting properties relating to the analytic function E(s).

In the seque! we assume, in addition to (1.1), (1.2), (2.10), (2.21), and (4.1)-(4.3),

that

(4.18) X,»l + jui,      j>l,

for some ju > 0.

We begin with

Lemma 4.1. If for some s. Res > o2 (where a2 is defined in (4.3)), the function

z(x, s) is a solution of (4.9) and satisfies z(x, s) -» 1 as x -» oo, then

exp is j   h(w) dw \z'(x, s) -* 0    asx-^ao.

Proof. Observe first that on integrating (4.13) from 0 to x, one obtains

(4.19)    z'(x, s)expl-sj* b) = z'(0, s) - s2 T c(v) ■ expi-sf b\ ■ z(v, s) dv.

As a consequence, z'(x, s)exp(-sffb) approaches a finite limit, l(s), as x -* oo. This

is obvious if 5 = 0, while if í ¥= 0 and Re 5 = a, we have

f      c(v)exp\-s I   b\  dv =  E    /        c(v)exp\-s j   b\
Ji) \      J0   ,   I k=i    Jak    , V       A)       /

°° i rü¡,   i  .- \ fa¡,

=  E   exp -aj        b\\ck\J      exp(-a(v - ak_x)bk) dv

k-X

E   exp  -a E (df- ai_i)bi\\ck\(-abky1 .[exp(-a(a^ - ak_x)bk) - l]

■(Xi-'-X*.,)""]= o(i) E \ck\Kx[{K

(as (a, - ar_i)b, = ln(Xr)[l + 0(1) ■ d\ from (2.28), (2.25), and (4.5))

-o(i)£ n^»-i «-i a-

< oo    by (4.3).

Thus, as |z| is bounded, the right side of (4.19) approaches a limit, as required. We

now show that l(s) = 0 for all s. Res > ax. Assume / ¥= 0. There are several cases.

If 5 = 0 choose N such that \z'(x,0) - /(0)| < e for some e, 0 < e < |/(0)|, and

|z(zz„,0)-z(zz„_,,0)| < 1 for all x, zz > N. Then

(4.20) f"   z'(x,0)dx1 >|z(zz,„0)-z(zz„^,0)|

=   f"   {(z'(x,0) -1(0)) + 1(0)} dx

>(\l(0)\-e)-(a„ -a„_x).
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Since \8rdr\ < 8*\dr\ -> 0 as r -> oo, it follows from (2.25) and (2.28) that an - a„_x

-» oo as zz -» oo and, hence, (4.20) provides a contradiction to the assumption that

1(0) ¥= 0. If s = it, t =£ 0, by a similar argument choose e so that 0 < e < 277~1|/(z'z)|

and N so that

(4.21)

(4.22)

(4.23)

\z(x2,s) - z(xx,s)\ < 1,

z'(x, s)exp is f   b\ — l(s) < e,

\2(ß„-y)/(a„-p\,)\<l/2

for all x, Xf, x2, n > N. Then for N < an_x < xx < x2 < an we have

(4.24)

1 > |z(x2, s) — z(Xf, s)\

I       I z'(x, s)exp is j   ~b   - l(s) > • exp \s i   b   + l(s)exp ïs f   b

>\l(it)\

\l(it)\

\t\k

\l(it)\

\t\k

j    exp it t   b\ dx e(x2 - Xf)

\exp(it(x2 - Xf)b„) - l\ - e(x2 - xf)

- e(x2 - Xf).sin(-r(x2 - xx)b„

As

0 < \\t\ln(l + p.) -(l - ~\ <^\t\ln(X„)

1

1 +
2(/3„-Y)

«» - ßn

dx

=   2^(an -  an-l)bn

by (4.18), we can choose x[n) = an_x and x2n) so that

(4-25) {\t\(x2"ï - x^)b„ = \\t\- \ln(l + y.).

Furthermore by choosing xi, which is independent of zz, smaller if necessary we can

assume that the right side in (4.25) is smaller than it/2. Then from the inequality

|sin0| > 2t7"10 (\e\ < it/2) and (4.24) we have that

l^(2^-l\l(it)\-e)(x2")-Xy))

= (2^\l(tt)\-e)-\ln(l + ti)-by

by (4.25). As bn -* 0 when zz -» oo, we again have a contradiction. Finally, if 5 # 0

and o = Re(s) i* 0, choose e so that 0 < e < a\l(s)\ Is]'1 and N so that (4.21)-(4.23)
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hold for all x, xx, x2, n > N. Then, as above, for N < an_x < xx < x2 < an,

1 >\z(x2,s) - z(xf,s)\

>\l(s)\ f     exp si   b\ dx — e I     exp ai   ~b\ dx

exp
w
b.S

\exp(s(x2- Xf)bn) - 1|

-1-\exp(a(x2 - Xf)b„) - 1
ob„

If a > 0 (the proof for a < 0 is similar) it follows that

1/(01
(4.26) 1 >b.»lexp°i {exp(o(x2- Xf)bn) -1}.

By a similar argument to that above, for each zz large enough we can choose
.(«> _ an_f and x2n) so that

Observe also that

(4.27)

bn{x2")-x[")) = \ln(l+it).

-*r*K-s&
as n —► oo, and Yl"~xX"¡(8¡d¡)'1 -» oo as zz -» oo by (4.3). Using this information in

(4.26), we again obtain a contradiction. This completes the proof.    D

It is not difficult to see that if u(r, s) is a solution of (4.16) satisfying zz(r, s) -» 1

and e'irb(x(r))du/dr -» 0 as r -» r(oo) = r^, then, on integrating (4.16) twice,

zz(r, 5) satisfies the integral equation

(4.28)    u(r,s) = 1 -s2jr" f°" e s(w-t)_
c(x(w))

u(w, s) dwdt.
b(x(t))b(x(w))

With the aid of Lemma 4.1 this result may be strengthened as follows:

Theorem 4.2. (i) A locally integrable function u(r, s), Re(s) > a2, is a solution of

(4.28) if and only ifu(r, s) satisfies the differential equation (4.16) and u(r, s) ->■ 1 as

(ii) The integral equation (4.28) has a unique bounded solution if

(4.29)
J0      Jt

-Re(i)(w-r)
c(x(w))

b(x(w))b(x(t))
dwdt < 00.

Proof, (i) if zz(r, s) satisfies (4.16), and zz(r, s) -* 1 as r -» rœ, it follows from

Lemma 4.1 that e~sr~b(x(r))du/dr -» 0 as r -» rx and, hence, zz(r, s) is a solution of
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(4.28). Conversely, let u(r, s) be a solution of (4.28). Then

^■[zz(r + h,s) -u(r,s)]

= Çf+h e^HxUW'C <'"&¥&<(»- ') *>*
h Jr J, b(x(w))

= -S4rh-7^Áí'^^^u(w,s)dw)dt
h K       b(x(t))   \K b(x(w))   y       '      )

, s1 r- -swc(x(w)) c    ^ .    r+h    es'

h Jr b(x(w)) J,       b(x(t))

As u(r, s) is locally integrable, it is clear that, on letting h -* 0, we obtain

,1 \ 2        e" /""">      -S„C(X(W))     ( \    ,
" (r' s> = s   ut   t   \\ /     e       uí   í    \\u(w> s> dw'

b(x(r))Jr b(x(w))

i.e.,

e-b(x(r))u'(r, s) = s2 f" e-'»í£^u(w, s) dw.
Jr b(x(w))

By a similar argument we also have

and thus zx(r, s) is a solution of (4.16). Also, as u(r, s) satisfies (4.28) for all r,

including r = 0,

u(r, s) = u(0, s) + s2ff°° e-«»->\    g(*(")}       u(w, s) dwdt.
JqJ, b(x(t))b(x(w))

Hence,

lim   u(r, s) = u(0, s) + s2 /"" /"" e'^-'K .   f^ffl   ^u(w, s) dwdt
r-rfoo) •'o   Jt b(x(t))b(x(w))

= 1.

(ii) This follows from the relevant Neumann series expansion in the space of

bounded continuous functions on [r0, oo), r0 suitably large, equipped with the usual

supremum norm.    □

We next consider the behaviour as zz -» oo of the solutions <t>„(x, s) constructed in

§2. Observe that
k

(4.30) (ßk + x - ßk)ak = (ßk + x - ßk) Z (a, - a¡_x)
í-i

, = 1  ";        Hi

= 0(l)-dk[ln(Xk) + ln(Xk_x)8k_xdk_x

+ln(Xk_2)(8k_xdk_f)(8k_2dk_2)

+ --- + ln(Xx)(8k_xdk_x)---(8xdx)]

(by (2.25)-(2.26) and (2.28))

= 0(l)dk[ln(Xk)+o(l)],   by (4.1),
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as 8rdr < 8*\dr\ and dr -» 0 as r -» oo. Also we have (cf. [4, Lemma 3.5])

Lemma 4.3. Assume that, for a > ax, dkX~k  -» 0 as k —> oo zzzzzi

00

(4.31) E
1

■lix^i-iKx^.K^i-i)
< oo.

T/zezz for each real number ö with ö > ax, one can choose 8 = 8(a) = sup{tSr: r > 1}

i«c/z íAaí the functions H{r"\s) and K(rn)(s) defined by (2.64)-(2.65) ízzízs/y |///m)(í)|

< 2 azzz/ |ATr(,!)(5)| < 2 /or zz// zz and r, zz > r + 1, zzzzJ a// complex numbers s with

Re 5 > a.

Proof. We omit the proof for ///"'(j) since it is similar to the proof for K^n)(s)

given below. Observe that for Re(s) > d,

lo + xyz/r'l^Ki-1)-1-
Consequently, the supremum

(4.32) C= sup{|(l + XV</r)_1|: Res^ ö,r > l}

exists and is finite. Choose ô so that

(4.33)

Note that

c+ E
*-i (^*K_1|- i)(xaft+1Kii|-1)

i
<4-

|*,<r+2)00| = 1 +
"r+1

l + X^d;1,
< 1 + <5C < 2

by (4.33). Also, assuming K^m)(s) < 2 for r + 2 « m < « - 1, it follows from (2.71)

that

|^,(B)(i)|< 1 + 2S *-i (^M-iMx'+iK'iiH1)
< 2

by (4.33) again, Thus, by induction, |JCr(,,)(s)| < 2 for all n and r, «>'r + 1, and all

s, Re í > ö.    D

Now, by (4.30) and (4.1), the series Y.(ßk + X - ßk)ak is absolutely convergent.

Also, by Lemma 4.3 and (2.76)-(2.77) we can define functions

(4.34) %(s) =  lim Vy^s),

(4.35) $r(s) =  lim tyn'(s)

that  are analytic in the half-plane Res > ö > ax  provided 8 = sup{ôr:  r > 1}

satisfies (4.33), which we henceforth assume. Finally, define

(4.36) Ur(s) =  lim Uy\s)

= E(s)
>x + (1 + 8r)dr+x

X5r+i

r+1 /        <i

k-X\ AA

-X
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Vr(s) =  lim Vfn)(s) = L(i) ■

On letting n -» oo in (2.74)-(2.75), we now have that for fixed jc in [or_,, af\,

\xmn^m^,n(x, s) = <i>(x, s), where

(4.38)    ¿>(x,s) = Ar(s)exp(arsx) + Br(s)exp(ßrsx),       x &[ar_x,af\,

and

Ar(s) = X/exp

(4.39)

*E(& + i-&K
k = r

W„
Ur(s)%(s),

Br(s) = exp *T.(ßk + x-ßk)ak
k = r

W,
■Vr(s)<br(s).

Let

(4.40) t(x,s) = e-ysx<?(x,s),

where y is defined in (4.6). Then we have

Theorem 4.4. (i) The function \p(x(r), s) is the unique solution of (4.28) for all s in

the half-plane Re s > a0.

(ii) // Ur(s) and Vr(s) are analytic in the half-plane Res > ö > ax for all r > 1,

then, for Res > ö > ax, the function \¡<(x(r), s) is a solution of (4.28) if and only if

\p(x(r), s) -» 1 as r -> r(oo).

Remarks. (1) Ur and Vr are analytic in Re(s) > ö > ax if, for example, E(s) is

analytic in Re(i) > ax, and none of the factors 1 + d„X~f has a zero in this region,

i.e., for all zz > 1,

(4.41) ln\d„\/lnXn^ax.

(2) Similar results (i.e., Theorems 4.2 and 4.4) apply to the related integral

equation

(4.42)
/rtx

kx(r, t, s)u(t, s) dr.

where

(4.43) kx(r,t,s) = -s¿      ,,2-„*(*(0)

0,       r> t,

OKb(x(t))Jr   b(x(v))
dv, r < t,

formed by interchanging the order of integration in (4.28). Here, the analogue of

Theorem 4.4(h) requires a different method of proof (cf. (4.45)).

Proof, (i) By Theorem 4.2 and (4.15) it is enough to show that \p(x, s) satisfies

(4.13) and i//(jc, s) -» 1 as x -* oo. The proof now follows closely that of [4, Lemmas

4.2 and 4.4].

(ii) Observe that a2 (defined in (4.3)) is no larger than ax (defined in (4.31)). As

\p(x(r), s), Res > ax, is already a solution of (4.16), the result is a consequence of

Theorem 4.2(h).
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As an immediate consequence of Theorem 4.4(i), we have

Corollary 4.5. For any s, Res > a0, and any constant C the boundary condition

u(r, s) -» C as r -* rx determines a unique solution, Ctp(x(r), s), of the differential

equation (4.16).    D

Theorem 4.6. Assume (4.41) holds. If there exists a solution u(r, s) of (4.28)

analytic for all s in a region G intersecting B = {s: Re s > a0}, and E(s) is analytic in

G, then u(r, s) = ip(x(r), s) (and hence u(r, s) -» 1 as r -» rx) and E(s) ¥= 0 for all

seG,

Proof. By Theorem 4.4(i), tz(r, s) = \p(x(r), s) for sefi. Consequently, by

uniqueness of analytic continuation, u(r, s) = \p(x(r), s) for all s G G. But, by

(4.36)-(4.37),

4>(x(r),s)~E(s)X(x(r),s),

where x(x(r), s)1S analytic in a half-plane Re s > à > ax containing G. If E(s) = 0

for some 5 e G, then u(-, s) is the zero function, which cannot be a solution of

(4.28). Consequently, E(s) * 0 for 5 e G.   D

By way of example, if we consider the case dn = p~e, 0 > 1 fixed, Xn = pn (i.e.,

(1.4)), then E(s) = f(s + 0)(f(2* + 26))~\ and a0 + 0 = 1, a, + 6 = 1/2, o2 + 0

= 0, while 8r > 0 for all r. Then Theorem 4.6 is the main theorem in [4]. Observe

that, from Theorem 4.4, for Re(s + 6) > 1 we have ^(x, s) -* 1 as x -» oo. Conse-

quently, we have the identity

00

(4.44) 1 =>p(0,s;o)+ I { ̂ (a„, s; 8) - *(„„_„ J; 8)},

i.e.,

(4-45)     ^ ^ ^} = if >(0, i: 8) + ¿{«»(0, s; 8)
i(s + V)

OO

+ E À{nx)(0,s; b){e(a"-y)sa» - e^-»>*-->}

n-l

+ ¿„(oo)(0. s;8){e(^-1')ía» - e(A_Y)"»-1}

for Re(j + f?) > 1, where Ä(„x) and 5W(00) are defined in (2.79). A similar formula for

(f(i + 0))'1 follows by considering the special case (1.5) mentioned earlier.

Note also that, as the Euler product

e(s)= n (!+/>-*")
p prime

is convergent for Re(s + 0) = 1(s + 6 # 1) by [13, p. 59], it is true that $(x, s)~*l

as x -» oo for these values of s. Conversely, if one could establish (e.g. by direct

asymptotic methods) that (4.13) (or (4.16)) had a solution tending to one as x -> oo

(r -* roo) for a11 * with Re(5 + Ô)=l(s + Ô#l), then Theorems 4.2 and 4.6 show

that E(s) # 0 for these values of s. This would provide a differential equation proof

of the prime number theorem.
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5. The associated wave equation. We consider here the linear partial differential

equation

(5.1) uxx- b(x)ux, + c(x)u„ = 0

for x, t > 0. Observe that for x in [an_f, a„],

b2(x) - 4c(x) = Z>2[l - 4c„/¿>2] ~ b2   as zz -» oo,

by (4.11)-(4.12). Hence the equation is of hyperbolic type, at least for large x. The

characteristics through (x0, z0) are given by

(5.2) t-t0 = f - \b(u){l + Jl - 4c(zz)zS-2(zz) } du
-      JXo       2    -K •

and

(5.3) t-t0 = f - \b(u){l - /l - 4c(u)b~2(u) du.

It is clear from (4.11)-(4.12) and (4.5) that (eventually) the characteristic (5.2) has

negative slope, while from the fact that

o      1 + VI - 4c¿-2

it follows that the slope of the characteristic (5.3) depends upon the function c; for

example, given (2.10), the latter slope is positive if dn > 0 for all zz and negative if

dn < 0 for all zz. Note also that by (4.11)-(4.12) again, as zz -> oo,

(5.4) f" b(u) du=t (a, - ar_f)br - [n'XfX^ ■ ■ ■ X„)
Jo r=x

and

*.  c(u)  . "   . ,    cr

^       L'm*-*s«-*^'t
o(\)ÍHK)z

r-l ßr

= o(i)- ZHK)-d,= o(i)
r=l

by (4.1). Thus, along the characteristics (5.2) if we assume (4.18) it follows from (5.4)

that as x -» oo, t —> -oo, while by (5.5) the characteristics (5.3) have the property

that as x -* oo, í tends to the finite limit

zc n f00 2c 1

•'jco    ö     1 + VI - 4cb~2

Observe also that if dn < 0 for all zz, the characteristic through (0, t*), where

r    (¿>-v/z32-4c),
o

is asymptotic to the x-axis as x -* oo.
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Consider now the change of variable

1  rx -
£ = -/   b(u) du + t

i J0

and set w(x, £) = u(x, t), where u is any solution of (5.1). Then

(5.8)
4 2b'(x)

-W-We.
b2(x)-4c(x)   xx     b2(x)-4c(x)   *

Here, as b is a step function, V is an appropriate sum of delta functions. Notice that

as an~ K ■ ln(X„) • (dfd2 ■ - - </w_i)~\ as zz -* oo one can see from (5.4) that in the

special cases (1.4) and (1.5) we have (roughly) jfb = 8~lln x, or b(x) ~ (Ox)'1.

Consequently, for large x,

4h-2(x)ll - iftel)    ~4B2x2.
b2(x)-4c(x) \        b2(x)

Thus,  for these cases (5.1) bears some resemblance to the automorphic wave

equation (see e.g. [5, (1.8)])

(5.9) u„=y2(uxx+uj + \u.

Although the precise connection between (5.1) and the analytic function E(s) is

not clear as yet, the following possible application indicates that this connection

could be quite useful. The application involves a theorem which is a special case of a

result of Müntz [7] and Szász [12] (cf. also [9, 11]). Consider the function sequence

[e~li"')n>f in L2(0, oo), where the numbers xt„ are real and positive. This sequence is

said to be closed if

f(t)e~>i«'dt = 0,       »>1,
o

implies / is zero almost everywhere and complete if any / in L2(0, oo) can be

approximated, in norm, by polynomials

(5.11) P„(t)  =    E ake
-M*'

A = l

It is known (see e.g. [9, p. 26]) that {e M"'} is closed if and only if it is complete. In

addition, we have

Theorem 5.1 (Müntz - SzÂsz). The sequence {«"'*"'} is closed if and only if

00        .

(5.12) E^T-"-
B-l rn

Thus, in particular, if E/x;,1 < oo then {e~M"'} is not closed. To prove the latter

statement one needs to show that if E/x,,1 < oo, then there is a nontrivial function

/(f) in L2(0, oo) whose Laplace transform F(s) vanishes at the prescribed set of

points {/x„}. One might attempt to construct such an/as follows. Set

(5.13) d„=-ii-„\   8n = -8<0,   Xn = n\^.
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In this case the wave equation (5.1) (with the sign of the middle term reversed)

corresponds to the Euler product

(5.14) L(,)=nfl--
»-1 \ r^rC7""

and both sets of characteristic lines (5.2)-(5.3) have positive slope and finite limit

values for / as x approaches infinity along the characteristic. Consider the boundary

value problem defined by (5.1) and the boundary conditions

(5.15) u(x,0) = u,(x,0) = 0,

(5.16) «(0,0-/(0-
The Laplace transform U(x, s) of the solution zz(jc, t) of (5.1), (5.15)—(5.16) satisfies

(4.9). If one can determine/so that U(x, s) is bounded as x tends to infinity (e.g. by

making use of the geometry of the hyperbolic equation), then, by Corollary 4.5 and

(4.36)-(4.40), tz(0, i) = f(t) transforms to a constant multiple of E(s) which vanishes

when s = pH, « > 1, as required.
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